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set of G if for every v € V(G) \ S, there exists x € S such that xv € E(G).Let D be a minimum dominating set of
G. If S V(G)\D is a dominating set of G, then S is called an inverse dominating set with respect to D. An
inverse dominating set S € V(G) \ D is an identifying inverse dominating set of G if for every v € V(G),
Ng[v] NS is distinct. The minimum cardinality of an identifying inverse dominating set of G, denoted by

y'PED(G), is called the identifying inverse domination number of G. In this paper, we give the identifying

inverse dominating set and the identifying inverse domination number in the join of two connected nontrivial

I. Introduction

A graph G is a pair (V(G),E(G)), where V(G) is a finite nonempty set called the vertex-set of G and
E(G) is a set of unordered pairs {u, v} (or simply uv) of distinct elements from V(G) called the edge-set of G.
The elements of V(G) are called vertices and the cardinality |V (G)|of V(G) is the order of G. The elements of
E(G) are called edges and the cardinality |E(G)| of E(G) is the size of G. If [V(G)| = 1, then G is called a
trivial graph. IfE(G) = @, then G is called an empty graph. The open neighborhood of a vertex v € V(G) is the
set N;(v) ={u€V(G) :uv e E(G)}. The elements of N;(v) are called neighbors of v. The closed
neighborhood of v € V(G)is the set N;[v] = N;(v) U {v}. If X € V(G), the open neighborhood of X in G is the
set N;(X) = U,ex Ng(v). The closed neighborhood of X in G is the set N;[X] = Uyex Ng[v] = N;(X) U X.
When no confusion arises, Ng;[x] [res. N;(x)] will be denoted by N[x] [resp. N(x)]. Au-v walk in G is a
sequence of vertices in G, beginning with u and ending at v such that consecutive vertices in the sequence are
adjacent. Au-v walk in a graph in which no vertices are repeated is a u-v path.IfG contains a u-vpath, then u
and v are said to be connected and u is connected to v (and v is connected to u). A graph G is connected if
every two vertices of G are connected, that is, ifG contains a u-v path for every pair u, v of vertices of G. Since
every vertex is connected to itself, the trivial graph is connected. For the general terminology in graph theory,
readers may refer to [1].

Domination in graph was introduced by Claude Berge in 1958 and Qystein Ore in 1962 [2]. Following an
article [3] by Ernie Cockayne and Stephen Hedetniemi in 1977, the domination in graphs became an area of
study by many researchers. A subset S of V(G) is a dominating set of Gif for every v € V(G) \ S, there exists
x € S such that xv € E(G), that is, N[S] = V(G). The domination number y(G) of G is the smallest cardinality
of a dominating set of G. Some studies on domination in graphs were found in the papers [4-17].

An identifying code of a graph G is a dominating set C < V(G) such that for every v € V(G), N;[v] n
C is distinct. The minimum cardinality of an identifying code of G, denoted by y'? (G), is called the identifying
code number of G. The identifying code of a graph was studied in 1998 by M.G. Karpovsky, et.al [18] in their
paper "On a new class of codes for identifying vertices in graphs". They observed that the concept of identifying
codes is that a graph is identifiable if and only if it is twin-free. A vertex x is a twin of another vertex y if
N[x] = N[y]. Agraph G is called twin-free if no vertex has a twin. From a computational point of view, it is
shown that given a graph G, finding the exact value of y'?(G) is in the class of NP-hard problems. Some related
studies of identifying domination in graphs are found in [19-23].

Let D be a minimum dominating set of G. If S € V(G)\D is a dominating set of G, then S is called an
inverse dominating set with respect to D. The inverse domination number of G is the minimum cardinality of an
inverse dominating set of G, denoted by ¥ ~*(G). The inverse domination in graph was first found in the paper
of Kulli [24]. Some related studies of inverse domination in graphs are found in [25-35].

Motivated by the introduction of the identifying dominating sets and the inverse dominating sets, a new
variant of domination in graphs is introduced in this paper. Let G = (V(G), E(G)) be a nontrivial connected
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simple graph. An inverse dominating set S € V(G) \ D is an identifying inverse dominating set of G if for every
v € V(G), Ng[v] NS is distinct. The minimum cardinality of an identifying inverse dominating set of G,
denoted by y?C1(G), is called the identifying inverse domination number of G. In this paper, wegive the
identifying inverse dominating set and the identifying inverse domination number in the join of two connected
nontrivial graphs.

Il. Results
Definition 2.1 The join of two graphs G and H is the graph G + H with vertex-set V(G + H) = V(G) UV (H)
and edge-set E(G + H) = E(G) UE(H) U {uv:u € V(G}, v € V(H)}.
The following, shows some results onidentifying inverse dominating sets in the join of two nontrivial connected
graphsG and H.

Lemma 2.2Let G = P; = [uy,uy,uzland H =B, where n>4. Then S=S;US; cV(G+H) is an
identifying inverse dominating set of G + H,if S; = {u;,u3} and (Sy = V(H) or Sy c V(H) is an identifying
code of H with n # 4).

Proof. Let G = P; = [uy, uy, uzland H = P, where n > 4.

Suppose that S; = {u;,u3} and Sy = V(H). Let B, = [v1,v,, ..., 1,], n = 4. Then D; = {u,} is theminimum
dominating set of G+ H and S =V (G + H) \ D; = {uy,u3} UV(H) = S; U Sy where S; = {uy,u3} € V(G)
and Sy = V(H) is an inverse dominating set of G + H with respect to D;.Now, S = {uy, u3} U {vy, vy, ..., v, }. If
n =4, thenS = {uy,us, vy, vy, v3,v,}. Observe that theN;,ylu] NS = {uy, vy, vy, V3, 1}, Ngoylual NS =
{u1, uz, 1,05, 03, U 1Ny [us] 0 S = {us, vy, v2,v3, 14}, Neiulvil NS = {ug, us, vy, v} Ng vl NS =
{uq,u3, v, 02,03}, Neypglvs] NS = {uqg, uz, vy, 03,1}, and Ngpylve] NS = {uq, us, v, v,}. This implies that
for every x e V(G + H), Ng,y[x] 0 S is distinct.By definition, S is an identifying inverse dominating set of
G + H.Similarly, if n > 4, then § = {uy, u3, vy, v,, ..., v, } is an identifying inverse dominating set of G + H.
Suppose that S; = {uy,uztand Sy c V(H) is an identifying code of H withn = 4. LetS; = V(H) \ {v}.
Consider n = 5. Then Sy = {v,, v3, vy, vs}or Sy = {vy, v,,v3,v,} is an identifying code of H. ThesetD; = {u,}
is the minimum dominating setof G + H and S = V(G + H) \ D; = {uq,u3} U Sy where S; = {uy,uz} < V(G)
and Sy = {v,,v3,v4, s} is an inverse dominating set of G + H with respect to D;. Now, S = {u;,u3} U
{v,, V3,04, V5} = {Uy, U3, Uy, U3, Uy, Us}. Observe that theNg,y[u]l NS = {uy, vy, v3,v4,v5}, NeiplulnS =
{u1,u3, V2, V3,04, 5}, Neynlusl NS = {us, v, 03,04, 05}, Neanlval NS = {wg, u3, v, 03}, NegylvslnS =
{uqg, U3, v, 3,04}, Neaplval NS = {uq,us, v3, 04,5}, and Ngoylvs] NS = {uy, usz, vy, v5}. This implies that
for every x e V(G + H), Ng[x]n S is distinct.Thus,S is an identifying inverse dominating set of G + H.
Similarly, for Sy = {vy,v,, v3, 14}, S is an identifying inverse dominating set of G + H. If n > 5, then S is an
identifying inverse dominating set of G + H by similar arguments.

This completes the proof. m

Lemma 2.3LetG = B,, where m = 4 andH = P; = [vy,v,,v3]. ThenS = S; U Sy € V(G + H) is an identifying
inverse dominating set of G + H,if (S; =V (G)or S; c V(G) is an identifying code of G withm # 4)and
Sy = {v1,v3}.

Proof. LetG = B,, where m > 4 andH = P; = [vy, v, v3].

Suppose that S; = V(G) andSy = {vy, v3}.Let P, = [uy, Uy, ..., U], m = 4. Then Dy = {v,} is the minimum
dominating set of G + H and S =V (G + H) \ Dy = V(G) U {v,v3} = S; USy where S; =V (G) and Sy =
{vy,v3} is an inverse dominating set of G + H with respect to Dy. Now, S = {uy,uy, ..., U} U {vy,v3}. If
m = 4, then S = {uy, uy, us, uy, vy, v3}. Observe that theNg,y[v1] NS = {uy, uy, uz, Uy, v1}, Noyylval NS =
{ur, Uy, Uz, Usy V1, V3}, Noynlvsl NS = {ug, uy, uz, Uy, v3}, Nepuludl NS = {ug,up,v1,v3}, Noyulwal NS =
{uqg, u3, v, 3}, Nopplusl NS = {uq, uy, uz, v1,v3}, and Ngoylug] NS = {us, uy, v, v3}. This implies that for
every y € V(G + H), Ngyy[y] n S is distinct.By definition, S is an identifying inverse dominating set of G +
H. Similarly, if m > 4, then S = {uq,u, ..., u,,, vy, v3} is an identifying inverse dominating set of G + H.
Suppose that S; c V(G) is an identifying code of G with m # 4 and Sy = {v;,v3}. Let S; = V(G) \ {u}.
Consider m = 5. Then S; = {u,, u3, uy, us} or S = {uy, uy, uz, us}is an identifying code of G. The set Dy =
{v,} is the minimum dominating set of G+ H and S=V(G+ H)\ Dy = S; U{v;,v3} where S; =
{uy, us, uy, us} € V(G) and Sy = {vy,v3} is an inverse dominating set of G + H with respect to Dy.Now,
S = {uy, u3, uy, us} U {v1,v3} = {uy, uz, uy, us, vy, v3}. Observe that the Ngoylu]l NS = {uy,usz, vy, v3},
Nerulusl NS = {uy, uz, ug, v1,v3},  Noqulual NS = {us, ug, us, vy, v3},  Noyylus] NS = {uy, us, vy, v3},
Neruvi]l NS = {vy, uz,u3, Uy, Us}Ne 4 [V2] NS = {01, v2, V3, Uz, U3, Uy, us}, and NgiulvslnS =
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{v3,uy, usz, uy, us}. This implies thatfor every x € V(G + H), Ng[x] n S is distinct.Thus,S is an identifying
inverse dominating set of G + H.Similarly, for S; = {uy,u,, u3, us}, S is an identifying inverse dominating set
of G + H. If m > 5, then S is an identifying inverse dominating set of G + H by similar arguments.

This completes the proof. m

Lemma 2.4LetG = Ps = [uq,uy, U3, Uy, us]andH = P,,n = 4. Then S = S; U Sy < V(G + H) is an identifying
inverse dominating set of G + H,if S; = {uy,u3, us} and Sy is an identifying code of H.

Proof.LetG = Ps = [uy,uy, U3, uy, us] andH = B,, n=>4. Suppose that S; = {uy,uz us} and Sy is an
identifying code of H. The set D; = {u,, u,} is @ minimum dominating set ofG + H and S = V(G + H) \ D; is
an inverse dominating set of G + H with respect to D;;.

Consider that n = 4 andlet H = P, = [vy, vy, v3,14].Then Sy = V(H)or Sy = V(H) \ {v}(where v =wv; or
v=1,). If Sy =V(H),thenS =V (G + H)\ D; = {uy,us, us, vy, vy, V3, Vs } = {Uq, Uz, Us} U {0y, 05, 03,04} =
S¢USy. Since Neiylu]nS={w}uV(H), NepplualnS={u,us} UV(H), NgiyluslnS={us}u
V(H),Nginlusdd nS = {u3'u5} UV(H),Ngiulusl NS = {us} U V(H),

Newnlvil NS =S¢ U vy, v} Ngyylval NS = Sg U{vy, v, v3},  NepulvslnS =S¢ U{vy,v3,v,},  and
Ngiylval NS = S; U {vs,v,}, it follows that for every x € V(G + H),N;[x] n S is distinct. Thus, S =S; U
Sy € V(G + H)is an identifying inverse dominating set of G + H. Similarly, for Sy = V(H) \ {v,}(or Sy =
V(H) \ {v,}), S = S; USy c V(G + H) is an identifying inverse dominating set of G + H.

Consider that n # 4 and let B, = [vy, v, ..., v,] forall n > 4.Then Sy = V(H) or Sy < V(H).

Case 1.If Sy =V(H), then S=V(G+H)\D; = {u,uz,us}UV(H) =S; USy. Letx,y e V(G + H).
Suppose thatx,y € V(G).If x,y € S,then Ng ylx]NS={x}UV(H) = {y}UV(H) = NgoylylnS. If
x,yg&S,say x=u, and y=1uy,then Ngoylx]NnS ={u,u3} UV(H) # {us,us} UV(H) = Ngoylyl N
S.Suppose that x,y € V(H). Then x,y €S and Ng,y[x] NS = S; UNy[x] # S; UNyly]l = Neyulyl nS.
Suppose that x € V(G) andy € V(H). If x € S, then Ny y[x] NS ={x}UV(H) # S; UNy[yl = Neouylyl 0
SIf x ¢85, say x =uy, then Ny y[x] NS = {uy, u3} UV(H) # S; U Ny[yl = Ngyylyl nS. Thus, for every
x €V(G + H), N;[x] n S is distinct, that is, S is an identifying code of G + H. Since S = V(G + H) \ D; is an
inverse dominating set of G + H with respect to Dy, it follows that S = S; U Sy € V(G + H) is an identifying
inverse dominating set of G + H.

Case 2.If S,; cV(H),then S =V (G + H) \ D = {uy,us, us} U Sy =S; USy. Let x,y € V(G + H). Suppose
that x,y e V(G). If x,y € S,then Ny y[xI NS ={x} U Sy # {y}USy = NeaylyI N S. If x,y & S,say x = u,
and y = uythen Ngoylx] NS ={u, uz} U Sy # {uz, us}U Sy = NeaylylnSIfxeSandy ¢ S, say y = uy,
then Ngiylx] NS ={x}USy # {us3,us} U Sy = N;oy[y] N S.Suppose that x,y e V(H). If x,y €S, then
NeulxI NS =S U (Nylx] N Sy) # S U (Ny[yl N Sy) = NgyulylnS. If x,y €S, then Ngylx]nS =
Se UWINy(x) NSy) #Se UINy() NSy) = NgyylylnS. If xeSand y ¢S, then Noylx]nS=S;uU
(Nyl[x] nSy) # Sz U (Ny(y) N Sy) = Ngoyly] N S.Suppose that x € V(G) andy e V(H). If x,y € S, then
Neiulx] NS ={x} U Sy #S; U(Ny[yl NSy = Neopylyl nS. If x,y &S, say x =uy, then Ny ylx]nsS =
{ug, u3} U Sy # Sg U (Ny[y]l 0 Sy) = Ngyylyl n'S. Thus, for every x € V(G + H),N;[x] n S is distinct, that
is, S is an identifying code of G + H. If x e Sand y ¢ S, then Ny y[x] NS = {x} U Sy # S; U (Ny[yl n Sy) =
NeiglylnS. If x €S, say x =u,, and y € S, then Ny y[x] NS = {u,u3} USy # Sz U (Nylyl nSy) =
Ngiylyl n'S. Thus, for every x € V(G + H),N;[x] n S is distinct, that is, S is an identifying code of G + H.
Since S = V(G + H) \ D is an inverse dominating set of G + H with respect to D, it follows that S = S; U
Sy € V(G + H) is an identifying inverse dominating set of G + H.

This completes the proof. m

Lemma 25LetG =B,, m=>=4 and H = P;5 = [vy,V,,V3,V4,V5]. Then S=S,US,; cV(G+H) is an
identifying inverse dominating set of G + H.if S;; is an identifying code of G and Sy = {v;, v3, v5}.

Proof.LetG = P,, m = 4 and H = P5 = [vy, v,, V3, V, U5]. Suppose that S; is an identifying code of G and
Sy = {v1,v3,v5}. The set Dy = {v,, v,} is @ minimum dominating set of G + H and S = V(G + H) \ Dy is an
inverse dominating set of G + H with respect to Dy.

Consider that m = 4 and let G = P, = [uy, uy, u3, uy). Then S; = V(G) or S; = V(G) \ {u} (where u = uy or
u=1uy). IfS; =V(G), then S =V (G + H) \ Dy = {uq, uy, uz, Uy, V1, V3, s} = {uy, Uy, Uz, Uy} U {vy, 03,05} =
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S U Sy. Since  Ngyulw ] nS ={u,u} USy, Nginlul 0S = {ug, up, uz} U Sy No iy lusl NS =
{uz, Uz, us} U Sy N [ug] 0 S = {uz ua} U Sy Ny [v] NS = V(G) U {wy}, Neyulval NS =V(G) U
{v1i,v3}, Nesulvsl NS =V(G) U {vs}, Ngyulval NS =V(G) U {v3,vs}, and Ngyylvs]nS =V(G) U {vs}, it
follows that for every x € V(G + H), N;[x] n S is distinct. Thus, S = S; USy < V(G + H) is an identifying
inverse dominating set of G + H. Similarly, for S; = V(G) \ {u;} (or S; =V(G)\ {uy}), S=S;,USy c
V(G + H) is an identifying inverse dominating set of G + H.

Consider that m # 4 and let B, = [uy,uy, ..., u,,] forallm > 4. Then S; = V(G) or S; c V(G).

Case 1. If S; =V(G),then S =V (G +H)\ Dy =V(G)U Sy =S; USy. Let x,y € V(G + H). Suppose that
x,y €V(G). Then x,y €Sand Ngiylx] NS = Ng[x]U Sy # Ng[y]USy = Ngoylyl n'S. Suppose that
x,y EV(H). If x,y€S, then Noyylx]nS=V(G)U{x}#V(G)U{y}=NsyylylnS. If x,y¢&S,say
x=v, and y =vy,then Ngylx] NS =V(G) U{v,v3} #V(G) U {vs,v5} = Neyylyl nS. If xe€S and
Yy &S, say y =1y, then Nooy[x] NS =V(G)U{x}+#V(G)U{vy,v3} = N;ryly] N S.Suppose that x € V(G)
and y e V(H). If x,y € S, then Ng y[x] NS =N;[x]USy #V(G)U{y} =NgylylnS. Ifx€Sandy & S,
then Ngyylx] NS = Ng[x]USy #V(G) U (WNy[y]l nSy) = Ngyylyl n'S. This implies that for every x €
V(G + H), N;[x] n S is distinct. Thus, S = S; USy < V(G + H) is an identifying inverse dominating set of
G+H.

Case 2.If S; c V(G), then S=V(G + H)\ Dy = S; U{vy,v3,v5} = S; USy. Let x,y € V(G + H). Suppose
that x,y € V(G). Then Ng y[x] NS = (N;[x] N S;) U Sy # (Ng[y]l N S;) USy = Ngiylyl n'S. Suppose that
x,y €EV(H).Then Ngoylx] NS =5;UWy[x] nSy) #S; U(Nylyl nSy) = Neoyly] n'S. Suppose that
x€V(G) and y€V(H). Then Ngiylx] NS = WNg[x]nSg)USy # S; U(Wylyl nSy) = NeyylylnS.
Thus, for every x € V(G + H), N;[x] n S is distinct, that is, S is an identifying code of G + H. Since S =
V(G + H) \ Dy is an inverse dominating set of G + H with respect to Dy, it follows that S = S; U S, c V(G +
H) is an identifying inverse dominating set of G + H.

This completes the proof. m

Lemma 2.6Let G = B,, = [ug, Uy, ..., U, JWith m = 4and H = P, = [vy, vy, ..., v, ] With n > 4.Then S = S; U
Sy € V(G + H) is an identifying inverse dominating set ofG + H,if S; < V(G) is an identifying code of Gand
Sy € V(H) isan identifying code of H.

Proof. Let G = B,, = [uq, Uy, ..., U, JWith n > 4and H = B, = [vy, vy, ..., v, ] With n > 4.If S; is an identifying
code of Gand S; < V(H) is an identifying code of H, then consider the following.

Case 1. Suppose thatm = 4, that is, G = P, = [uq, Uy, ug, ug].LetS; = V(G) \ {u}, with u = uy or u = uy. If
Se = V(G) \ {uy} = {uy, uz, uy}, then for every u € V(G), the N;[u] n S;; is distinct.Similarly, if S; = V(G) \
{us} = {uq, uy, u3}, then for every u € V(G), the N;[u] nS; is distinct.For u € {uy,us} € V(G)and for any
v € V(H)with n =5, the set D = {u, v} is a minimum dominating set of G + H. Further, the set S <
V(G + H) \ D is an inverse dominating set of G + H. Now, to show that S is an identifying code of G + H. Let
x,y € V(G + H). Consider the following.

Subcase 1. If x,y € V(G), then N;[x] nS; # N;[y] nS; since S; is an identifying code of G.Hence
Neulx] NS = Ngyylx] 0 (Sg U Sy) # Neaulyl N (S U Sy) = Noqulyl NS, that is, Neyylx] NS+
Neulyln's.

Subcase 2. If x,y € V(H), then Ny[x] NSy # Ny[y] n Sy since Sy is an identifying code of H and
hence N;,y[x] NS # Ng,y[y] N Susing similar arguments.

Subcase 3. If x e V(G) and y € V(H), then Ng y[x] NS = Ngoylx] n (Sg USy) = (Ngylx] nS;) U
(Ne1ulx] N Sy) = (Ng[x] N Se) U Sy # S¢ U (Nylyl N Sy) =
(Ne+u [yl N Se) U (Ng4u[y] N Sp)=Nguly]l 0 (S¢ U Sy) = Nepulyl NS, that is, Neyylx] NS # Neyulyl 0
S.

In any case, Nsyy[x] NS # Ny y[y] NS, that is, S is an identifying code of G + H. Since S is an inverse
dominating set of G + H, it follows thatS is an identifying inverse dominating set of G + H.

Case 2. Suppose that n = 4, that is, H = P, = [vy, v, V3, us]. Let Sy = V(H) \ {v}, withv =v; or v = v,. If
Sy =V(H) \ {v1} = {v,,v3,14}, then for every v € V(H), the Ny[v] NSy is distinct. Similarly, if Sy =
V(H) \ {vy} = {v1, vy, 3}, then for every v € V(H), the Ny[v] n Sy is distinct. For any u € V(G)with m >
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5and v € {vy,v,} € V(H), the set D = {u, v} is a minimum dominating set of G + H. Further, the set S c
V(G + H) \ D is an inverse dominating set of G + H. Now, to show that S is an identifying code of G + H,by
similar arguments in Case 1, S is an identifying inverse dominating set of G + H.

Case 3.Suppose that m > 4 and n > 4.

Subcase 1. Suppose that m and n are odd integers. Let S; € V(G) \ {u,} and S; € V(H) \ {v,} such
that r and s are even integers. The set D = {u,, v,} is a minimum dominating set of G + H and the set S <
V(G + H) \ D is an inverse dominating set of G + H with respect to D.

First, consider that S; = V(G) \ {u,.} and Sy = V(H) \ {v,}. Using the same arguments above, S = S; U Sy C
V(G + H) is an identifying inverse dominating set of G + H.
Next, consider that S; c V(G) \ {u,} and Sy c V(H) \ {v,}, sayS; = {uy;_1:i = 1,2,3, mT“} and Sy =

n+1

{ugi1:i=1,23,...,—}. Let x,y € V(G + H). If x,y € V(G), then N [x] nS; # Ng[y] N S; because S; is
an identifying code of G. Thus,

NeulxI NS = (Ng[x]uV(H)) NS

= (Ng[x] N S) U (V(H) N S)

= (Nglx] n (S uSy)) U (V(H) N (S; U Sy))

[(Ng[x] n'Sg) U (Ng[x] nSp)] U [(V(H) nSg) U (V(H) N Sy)]
[(Ng[x] n'Sg)u@]U[D U Sy]

= (Ng[x] nSg) U Sy

= (Ng[x] USy) N (Sc U Sy)

# (Ng[yl U Sg) N (Sc U Sy)

= (Nglyl nSg) U Sy

=[(Nglyl nSe)u o] u [D U Sy]

=[(Nglyl nSe) U (Ne [yl n ST U [(V(H) nSg) U (V(H) N Sy)]
= (NG[}’] Nn(Sg U SH)) U (V(H) N (Sg U SH))

=Nyl nSHV V(H)NS)

= (Nglyluv(H)nS

= Ng4ulylns.

That is, N;y[x] NS # Ngy[y] N S, hence S is an identifying code of G + H. Since S is an inverse dominating
set of G + H, it follows that S = S; U Sy < V(G + H) is an identifying inverse dominating set of G + H.

Finally, consider that S; c V(G) \ {u,} and Sy c V(H) \ {v,}, such thatifx,y,z,w € V(G) and xy,yz, zw €
E(G), then at least x,y,z € S;;. Similarly, if x,y,z,w € V(H) and xy, yz,zw € E(H), then at least x,y,z € Sy.
The setS = S; U Sy € V(G + H) is an identifying inverse dominating set of G + H.

Subcase 2. Suppose that m and n are even integers. Let S; € V(G) \ {u} and S, < V(H) \ {v} such that
u€V(G) and v € V(H). The set D = {u,v} is a minimum dominating set of G+ H and the set S <
V(G + H) \ D is an inverse dominating set of G + H with respect to D.

First, consider that S; = V(G) \ {u} and Sy = V(H) \ {v}. Using the same arguments above, S = S; U S, C
V(G + H) is an identifying inverse dominating set of G + H.

Finally, consider that S; c V(G) \ {u} and Sy c V(H) \ {v}, such that if x,y,z,w € V(G) and xy,yz, zw €
E(G), then at least x,y,z € S;;. Similarly, if x,y,z,w € V(H) and xy, yz,zw € E(H), then at least x,y,z € Sy.
ThesetS = S; USy < V(G + H) is an identifying inverse dominating set of G + H.

Subcase 3. Suppose that m is an even integer and n is an odd integer. By similar arguments Subcases 1
and 2, the set S = S; U Sy < V(G + H) is an identifying inverse dominating set of G + H.

This completes the proofs. m
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Theorem 2.7Let G = B,, = [uy, Uy, ..., u,,] and H = B, = [v4, V3, ..., v, ] With m,n = 3. Then S = S; U Sy C
V(G + H) is an identifying inverse dominating set ofG + H,if S; € V(G) is an identifying code of Gand
Sy € V(H) is an identifying code of Hand one of the following statements holds:

i)Se = {ug,uz}and Sy € V(H) = {vy, vy, ..., v, } With n = 4or S; € V(G) = {uy, uy, ..., Uy, Jwithm > 4

and Sy = {vy,v3}.

i)Se = {uy,uz,us}and Sy S V(H) = {v1, vy, ..., v Jwith n >4 or S; € V(G) = {uy, Uy, ..., Uy, Jwithm > 4
and Sy = {vy,v3,v5}.

i) S € V(G) \ {uland Sy € V(H) \ {v} withm =4 and n > 4.

Proof.Let G = P,, = [uy,Uy, ..., U] aNd H = B, = [v4, V3, ..., v, | Withm,n = 3. If S; € V(G) is an identifying
code of G and Sy < V(H) is an identifying code of H. Consider the following cases.

Case 1.Suppose that statementi) holds. First, consider that S; = {uy,u3} and Sy € V(H) = {vy, vy, ..., v, } with
n>4. LetG=P;=[u,uyuzland H =P, with n > 4.Then S; is an identifying code of Gand Sy is an
identifying code of H.By Lemma 2.2, S =S; USy; c V(G + H) is an identifying inverse dominating set
ofG + H.Second, consider that S; € V(G) = {uy,uy, ..., U, } With m = 4 and Sy = {v;,v3}.LetG = P,, where
m = 4 andH = P; = [vy,v,,v3].Then S; is an identifying code of G and Sy is an identifying code of H. By
Lemma2.3,S =S; USy c V(G + H) is an identifying inverse dominating set ofG + H.

Case 2. Suppose that statement ii) holds. First, consider that S; = {u;, us,us} and Sy € V(H) = {v1,v3, ..., U}
with n > 4. LetG = P5 = [uy, Uy, U3, Uy, us] andH = B, = [vy, v, ..., v, ], n = 4. Then S; is an identifying code
of G and Sy is an identifying code of H. By Lemma 2.4, S = S; US, c V(G + H) is an identifying inverse
dominating set ofG + H. Second, consider that S; € V(G) = {uy,uy, ..., u,} With m>4 and Sy =
{vi,v3,v5}.LetG = P, = [uq, Uy, ..., Up], m =4 and H = P; = [vy,v,, V3,4, U5]. Then S; is an identifying
code of G and Sy is an identifying code of H. By Lemma 2.5, S =5, USy; c V(G + H) is an identifying
inverse dominating set ofG + H.

Case 3.Suppose that statement iii) holds. Then S; € V(G) \ {u} and Sy € V(H) \ {v} with m = 4 and n > 4.
Let G =P, = [ug, Uy, ..., Uy JWith n>4and H = P, = [v4, vy, ..., v,] With n>4.Then S; c V(G) is an
identifying code of G and Sy < V(H) is an identifying code of H. By Lemma 2.6, S =S, US,; c V(G + H) is
an identifying inverse dominating set ofG + H.

This completes the proof. m
The following result is a quick consequence of Theorem 2.7.

Corollary 2.8Let G = P, = [uy, Uy, ..., Uy, JWith odd integerm > 5and H = P, = [vy, vy, ..., v,] with odd
integer n > 5.Then D (G + H) = m+n+2

Proof. Let S; € V(G) \ {u,} and Sy € V(H) \ {v,} such that r and s are even integers. The set D = {u,., v} is

a minimum dominating set of G + H and the set S € V(G + H) \ D is an inverse dominating set of G + H with

respect to D. Consider that S; c V(G) \ {u,.} and Sy c V(H) \ {v,}. LetS; = {uy;_1:i = 1,2,3, mT“} and

Sy ={uy_1:i =123, "le} Then S; and Sy are identifying code of G and H respectively. Let x,y € V(G +

H). Then Ng y[x] NS # Ngyyly] nS(see the proof in Theorem 2.7). Thus,S is an identifying inverse

m+1 n+1 m+n+2

dominating set of G + H. Further, |S| = |S; U Sy| = 1Ss] + [Sy| = 5t =0 This implies that
IS| = %ﬁz >y (G + H). Suppose that S is not a minimum identifying inverse dominating set of G + H.

Then there exists x € V(G + H) such that S\ {x} is an identifying inverse dominating set of G + H. If x €
V(G), then x € S;. Now, S;; \ {x} is not a dominating set of G for any x € S; contrary to the fact that S; is an
identifying code of G. If x € V(H), then x € Sy. Now, Sy \ {x} is not a dominating set of H for any x € Sy
contrary to the fact that S, is an identifying code of H. This implies that S must be a minimum identifying

inverse dominating set of G + H. Thus,|S| = m+;+2, that is,y?D (G + H) = 2242
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I11. Conclusion
In this work, we introduced a new parameter of domination in graphs - the identifying inverse
domination in graphs. Some resultson the identifying inverse dominating set in the join of two connected graphs
were proven. The identifying inverse domination number inthe join of two graphs were computed. This study
will pave a way to new researches such bounds and other binary operations of two graphs. Other parameters
involving identifying inverse domination in graphs may also be explored. Finally, the characterization of an
identifying inverse domination in graphs and its bounds is a promising extension of this study.
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