International Journal of Latest Engineering Research and Applications (IJLERA) ISSN: 2455-7137

Volume — 10, Issue — 06, June 2025, PP — 28-36

Outer-Connected Fair Domination in the Join of Two Graphs

Rene L. Duhilag Jr.!, Margie L. Baterna®, Grace M. Estrada’,
Mark Kenneth C. Engcot®, Enrico L. Enriquez’

12345 Department of Computer Information Sciences and Mathematics,
College of Arts and Sciences, University of San Carlos, Philippines)

set of G if for every v € V(G) \ S, there exists x € S such that xv € E(G). A set S € V(G) is said to be an outer-
connected dominating set in G if S is dominating and either S = V(G) or (V(G) \ S) is connected. A fair
dominating set in graph G is a dominating set S such that all vertices in V(G) \ S are dominated by the equal
number of vertices in S. A nonempty subset S € V (G) is an outer-connected fair dominating set of G, if S is a

fair dominating set of G and the subgraph (V(G) \ S) induced by V(G) \ S is connected. The outer-connected
fair domination number of G is the minimum cardinality of an outer-connected fair dominating set of G, denoted
by V.4 (G).In this paper, we give the outer-connected fair dominating set and the outer-connected fair
domination number in the join of two connected noncomplete graphs.
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I. Introduction

A graph G is a pair (V(G), E(G)), where V(G) is a finite nonempty set called the vertex-set of G and
E(G) is a set of unordered pairs {u, v} (or simply uv) of distinct elements from V' (G) called the edge-set of G.
The elements of V(G) are called vertices and the cardinality |V (G)|of V(G) is the order of G. The elements of
E(G) are called edges and the cardinality |E(G)| of E(G) is the size of G. If [V(G)| = 1, then G is called a
trivial graph. IfE(G) = @, then G is called an empty graph. The open neighborhood of a vertex v € V(G) is the
set N;(v) ={u €V(G) :uv € E(G)}. The elements of N;(v) are called neighbors of v. The closed
neighborhood of v € V(G)is the set N;[v] = N;(v) U {v}. If X € V(G), the open neighborhood of X in G is the
set N;(X) = Uyex N;(v). The closed neighborhood of X in G is the set N;[X] = U,ex Ng[v] = Ns(X) U X.
When no confusion arises, Ng[x] [res. N;(x)] will be denoted by N[x] [resp. N(x)]. Au-v walk in G is a
sequence of vertices in G, beginning with u and ending at v such that consecutive vertices in the sequence are
adjacent. Au-v walk in a graph in which no vertices are repeated is a u-v path. If G contains a u-vpath, then u
and v are said to be connected and u is connected to v (and v is connected to u). A graph G is connected if
every two vertices of G are connected, that is, if G contains a u-v path for every pair u, v of vertices of G. Since
every vertex is connected to itself, the trivial graph is connected. For the general terminology in graph theory,
readers may refer to [1].

Domination in graph was introduced by Claude Berge in 1958 and Oystein Ore in 1962 [2]. Following an
article [3] by Ernie Cockayne and Stephen Hedetniemi in 1977, the domination in graphs became an area of
study by many researchers. A subset S of V(G) is a dominating set of Gif for every v € V(G) \ S, there exists
X € S such that xv € E(G), that is, N[S] = V(G). The domination number y(G) of G is the smallest cardinality
of a dominating set of G. Some studies on domination in graphs were found in the papers [4-17].

A set S of vertices of a graph G is an outer-connected dominating set if every vertex not in S is adjacent
to some vertex in S and the sub-graph induced byV(G) \ S is connected. The outer-connected domination
number 7. (G) is the minimum cardinality of the outer-connected dominating set S of a graph G. The concept of
outer-connected domination in graphs was introduced by Cyman [18]. Some related studies of outer-connected
domination in graphs are found in [19-28].

A fair dominating set in graph G is a dominating set S such that all vertices in V(G) \ S are dominated by
the equal number of vertices in S.The fair domination number of G is the minimum cardinality of a fair
dominating set of G, denoted by y;4(G). The concepts of fair domination in graphs were introduced by Caro,
Hansberg, and Henning [29]. Some related studies of fair domination in graphs are found in [30-35].

Motivated by the introduction of the outer-connected dominating sets and the fair dominating sets, a new
variant of domination in graphs is introduced in this paper. Let G = (V(G), E(G)) be a nontrivial connected
simple graph. A nonempty subset S € V (G) is an outer-connected fair dominating set of G, if S is a fair
dominating set of G and the subgraph (V(G) \ S) induced by V(G) \ S is connected. The outer-connected fair
domination number of G is the minimum cardinality of an outer-connected fair dominating set of G, denoted by
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7era (G).In this paper, we give the outer-connected fair dominating set and the outer-connected fair domination
number in the join of two connected noncomplete graphs.

I1. RESULTS
Definition 2.1 The join of two graphs G and H is the graph G + H with vertex-set V(G + H) = V(G) UV (H)
and edge-set E(G + H) = E(G) UE(H) U {uv:u € V(G}, v € V(H)}.
The following results are needed for the proofs of our subsequent theorem, an outer-connected fair dominating
sets in the join of two noncomplete graphs G and H.

Lemma 2.2 Let G and H be connected non-complete graphs. 1fS; < V(G) is a fair dominating set of G,
(V(G) \ Sg) is connected, and S, = V(H), then the set S =S; USy; < V(G + H) is an outer-connected fair
dominating set of G + H.

Proof. Let G and H be connected noncomplete graphs. IfS; c V(G) is a fair dominating set of G, then |N;(u) N
Sl = INgW") nSglforall u,u’ € V(G) \ S;. Thus, if Sy = V(H),

[N p () nS| = [(Ng(w) UV(H)) N S|
=|(Ng@) nS)u (V(H) nS)|
= |[Ng(w) N (S US] U [V(H) N (Sc US]I
= |[(Ng (W) N'Sg) U (Ng(w) NS U [(V(H) N Se) U (V(H) NS
I[[(Ng(w) N Sg) U @] U [B U Syl
|(Ng(w) NSg) U Syl
|(Ng(w) NSg) U Syl
|(Ng (1) N S;) U Sy, note that |N; (w) N S;| = |IN;(u") N Sg|
|(Ng (') U Sp) N (Sg U Syl
|(N¢w) UV(H)) N S|
INg4n (W) N S|

That is, [N;.y (W) N S| = |Ngoy @) n S| for all u,u’ € V(G) \ S; or u,u’ € V(G + H) \ S. This implies that
S c V(G + H) is a fair dominating set of G + H. Since (V(G) \ S;) is connected, it follows that

(VG +H\S)=(V(G) UV(H))\S)
=((V(G)\S) U V(H)\ )
={((V(G)\ Sc) U[V(H) \ (S VS
=((V(G)\ Se) U [V(H) \ (S; U V(D))
={((V(G) \ Sg) U D)
=(V(G) \ S;) is connected.

That is, the subgraph induced by V(G + H) \ S is connected. Thus, S =S; USy; € V(G + H) is an outer-
connected fair dominating setof G + H. m

Lemma 2.3 Let G and H be connected non-complete graphs. IfS; = V(G), (V(H) \ Sy) is connected, and
Sy € V(H)is a fair dominating set of H, then the set S =S;USy; c V(G + H) is an outer-connected fair
dominating set of G + H.

Proof. Let G and H be connected non-complete graphs. IfS; c V(H) is a fair dominating set of H, then
INy(v) N Sy| = INy(") nSy| forall v,v' € V(H) \ Sy. Thus, if S; = V(6),

N1y () N S| = |(Ny(v) UV(G)) N S|
=|(Ng() nS)u (V(G) n S)|
[Ny (v) N (Sg U Sy)] U [V(G) N (Sg U Syl
[[(Ny(v) N Sg) U (Ny(w) NnSy)] U [(V(G) NSg) U (V(G) NSy
|® U (Ny(v) NS U [Se L D]
= |(Ny(v) N Sp)] U Sgl
= |(Ny(¥") N Sy)] U S¢|, note that [Ny (v) N Sy| = [Ny (¥ N Sy|
= |(Ny(@¥") US5) N (Sy U Sp)l
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|(Ny () UV (G)) N S|
INg+u (@) 0 S|

That is, |Ng1y(v) N S| = [Ngoy (W) N S| for all v,v" € V(H) \ Sy or v,v' € V(G + H) \ S. This implies that
S c V(G + H) is a fair dominating set of G + H. Since (V(H) \ Sy) is connected, it follows that

VG +H\S)=(VUVH))\S)

= (VO \SH U VH)\S))
([V(G)\ (Sg U Sy U (V(H) \ S))
(V@G \ (V(G) USyN]U (V(H) \ S))
(@U (V(H)\ Sy))
(V(H) \ Sy) is connected.

That is, the subgraph induced by V(G + H) \ S is connected. Thus, S =S; USy; c V(G + H) is an outer-
connected fair dominating setof G + H. m

Lemma 2.4 Let G and H be connected non-complete graphs. If S; < V(G) is a fair dominating set of G,
Sy € V(H) is a fair dominating set of H, and [N;(uw) N S;| + |Sy| = INy(v) N S| + |S;|, then the set S =
S¢ USy € V(G + H) is an outer-connected fair dominating set of G + H.

Proof. Let G and H be connected non-complete graphs. Suppose that x,y € V(G + H) \ S.

Case 1. Consider x,y € V(G) \ S;. Let x =u and y = u'. Since S; < V(G) is a fair dominating set of G, for
each u, u € V(G)\SG, |NG(u) n SGl = |NG(U.I) n SGl ThUS,

[Ng4n @) NS| = |[Ng(w) UV(H)] N S|

|[Ne(w) nS]u [V(H) n S]|

[[Ng (W) N (S USy)] U [V(H) N (Se US|
[[Ng (W) NSg) U (Ng(w) NSV [(V(H) NSe) U (V(H) NS
[[Ng (W) NSg) USy]U[DU Syl
|(Ng(w) NSg) U Syl

|(Ng(u) N'Sg) U Syl

[[(Ng (') N Sg) US] U [B U Sy
[[(Ng () N Sg) U (Ng() NS U [(V(H) NSg) U (V(H) NSyl
[[Ng () N (S US)IU [V(H) N (Sg U Sy

[[Ne ) nS]U [V(H) nS]|

I[N () UV (H)] n S|

|Ng+n () N S|

That is, [Ngy (W) N S| = |Ngpy @) N S| for all u,u’ € V(G)\ S; or u,u’ € V(G + H) \ S. This implies that
S cV(G+ H) is a fair dominating set of G + H, if x =u,y =u' € V(G) \ S;. Since uv € E(G + H) for all
u€V(G)\S; and for all v € V(H) \ Sy, it follows that (V(G + H) \ S) is connected. Hence, S = S; U Sy
V(G + H) is an outer-connected fair dominating setof G + H, if x = w,y = u' € V(G) \ S;.

Case 2. Consider x,y € V(H) \ Sy. Let x = v and y = v'. Since Sy < V(H) is a fair dominating set of H, then
for each v,v' € V(H) \ Sy, INy(v) N Sy| = [Ny (v") N Sy|. Thus,

INe+u () N S| = [[Ny(v) UV(G)] N S|

[Nu() nS]U [V(G) n S]]

[Ny () N (Sg U Sy)] U [V(G) N (Sg U Sy

[(Ny(v) N Se) U (Ng(v) N Sp)] U [(V(G) N Se) U (V(G) NSyl
[S¢ U (Ny(v) N Sy)] U [Se U @]

(Ny(v) N Sy) U S¢l

(Ny (') N'Sy) U g

[(Ny(v) N Sy) USc] U [Se L Q]|

[(Ny () 0 Sy) U (Ny (@) N Se)] U [(V(G) NSg) U (V(G) NSl
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= |[Ny(@) 0 (Sy U SV [V(G) N (Sg U Sy
= |[Ny(@) nSTU [V(G) n S]]

= |[Ny(@) UV (G)] N S|

= |Ng4n (@) N S|

That is, |[Ng y(v) N S| = [Ngyy (@) N S| for all v,v" € V(H) \ Syor v,v' € V(G + H) \ S. This implies that
S cV(G+H) is a fair dominating set of G + H, if x = v,y =v' € V(H) \ Sy Since uv € E(G + H) for all
u€eV(G)\ S; and v € V(H) \ Sy, it follows that (V(G + H) \ S) is connected. Hence, S = S; U Sy c V(G +
H) is an outer-connected fair dominating setof G + H, if x = v,y = v' € V(H) \ Sy.

Case 3. Consider x e V(G) \ S; and y € V(H) \ Sy. Let x = u and y = v. Then for eachu € V(G) \ S; and
v € V(H) \ Sp,INg(w) 0 Sg| + |Sy| = [Ny (v) NSyl + |S¢|. Thus,

[Ng4n @) NS| = |[Ng(w) UV(H)] N S|

[Ne(w) nS]U [V(H) n S]]

[Ne(w) N (Sg US)]V [V(H) N (Se VS

[Ng(u) N Sg) U (Ng(w) NSy)] U [(V(H) NnSe) U (V(H) NSy
[[Ng (W) NSg)USy]U[DU Syl

|(Ng(u) N Sg) U Syl

|(Ng(w) N Se)| + |Syl

= |(Ng(@) N Sp)| + |S6]

= |(Ny(v) N Sy) U S¢|

I[Ny () N Sy) USe]U [0 U S

[Ny () N Sy) U (Ny(w) NSV [(V(G) nSy) U (V(G) NS
I[Ny (w) N (S US)T U [V(G) N (Sy U S

I[NH(U) nSJuV(G) ns]|
|

[Ny(v) UV (G)] N S|
Neiy() N S|

That is, |Ngyy (W) N S| = |Ngoy(v) N S| for allu € V(G) \ Sgand for all v e V(H) \ Sy or u,v € V(G + H) \
S. This implies that S < V(G + H) is a fair dominating setof G + H,if x =u € V(G)\ S;andy =v € V(H) \
Sy. Since uww € E(G+H) for all ueV(G)\S; and v € V(H) \ Sy, it follows that (V(G + H)\S) is
connected. Hence, S = S; USy € V(G + H) is an outer-connected fair dominating set of G + H, if x =u €
V@) \S;andy =v € V(H)\ Sy.

Therefore, S =S, US,; c V(G + H) is an outer-connected fair dominating set of G + H for all x,y €
V(G+H)\S. =

Lemma 2.5 LetG =K,,, H=K,, with m,n > 2. If S; c V(G), Sy c V(H), and |S;| = |Sy|, then the set
S =S;USy c V(G + H) is an outer-connected fair dominating set of G + H.

Proof. LetG = K,,, H = K,;, with m,n > 2. Suppose that x,y € V(G + H)\ S. If S; c V(G) and S, c V(H),
then V(G)\ S; # @and V(H) \ Sy # 0.

Case 1. Consider x,y € V(G) \ Sg. Form = 2, N;(x) NSy = Sy = N;(y) N Sy. Thus,

INg+n () NS| = |[Ng(x) UV(H)] N S|
= |[Ng(x) n S]U [V(H) n S]]
= |[Ng(x) N (S U Sp)] U [Syll
= |[Ng(x) N Sg) U (Ng(x) N Sy)] U [Syll
=1[@ U (Ng(¥) N Sy)] U [Syll
= |[Ne(¥) n'Sg) U (Ng(¥) N Sy)] U [Syl
= |[Neg() N (Sg US]V [Syll
=|[N¢(y) N SJU[V(H) nS]]|
= |[N¢@) UV(H)] N S|
= [Ngtu(y) N S|
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That is, |Ngiy(x) NS| =Ny () nS| for allx,y e V(G)\ S; or x,y e V(G + H)\ S. This implies that
S c V(G + H) is a fair dominating set of G + H, if x,y € V(G) \ S;. Since uv € E(G + H) forall u € V(G) \
S and v € V(H) \ Sy, it follows that (V(G + H) \ S) is connected. Hence, S = S; USy; c V(G + H) is an
outer-connected fair dominating set of G + H, if x,y € V(G) \ S;.

Case 2. Consider x,y € V(H) \ Sy. Forn = 2, Ny(x) N S; = Ny(y) n S;. Thus,

NG+ () N S| =|[Ny(x) UV(G)] N S|
= |[Ny(x) nS]U [V(G) n S]]
= |[Ny(x) N (Sg USp)] U [Sell
[Ny (x) N Sg) U (Ny(x) nSy)] U [Sell
I[Ny (y) NSg) U B] U [Se]|
= |[Ny(¥) N Sg) U (Ny(¥) N Sp)] U [S6]
I[Ny (¥) N (Sg U STV [Sell
I[Ny () N S]U [V(G) nS]|
= |[Ny(y) UV(G)]Nn S|
= |Ng4n (@) N S|

That is, |Ngyyg(x) N S| = |Ngog(y) N S| for allx,y e V(H)\ Sy or x,y € V(G + H)\ S. This implies that
S c V(G + H) is a fair dominating set of G + H, if x,y € V(H) \ Sy. Since uv € E(G + H) forallu € V(G) \
S; and v € V(H) \ Sy, it follows that (V(G + H) \ S) is connected. Hence, S = S; USy; c V(G + H) is an
outer-connected fair dominating setof G + H, if x,y € V(H) \ Sy.

Case 3. Consider x e V(G) \ Sz and y € V(H) \ Sy. For m = 2, |[N;(x) N S| = |Sy| = |S¢| = INy(¥) N S;].
Thus,
INg+u(x) N S| =|[Ne(x) UV(H)] N S|

= [[Ng(x) N S]U [V(H) n S]]

= |[Ng(x) N (S¢ U Sy)] U [V(H) nS]|
[Ng(x) N Sg) U (NG (x) N Sy)] U [V(H) nS]|
INg (x) N Sg| + [Ng(x) NSyl + [V(H) N S|
10| + |Sy| + |[V(H) n S|
18] + |Sg| + [V(H) N S|
INy(y) NSyl + INg () NSl + [V(H) N S|
= [[Ny¥) N Sy) U (Ny () N Se)] U [V(H) nS]|
= |[Ny(¥) N (Sy USE)] U [V(H) nS]|
[[Ny(y) nS]U [V(H) nS]|
[[N¢() UV(H)] N S|
INg+n () N S|

That is, [Ngoy(X) NS| = |Ngyey(y) NS| for allx e V(G)\ S; and y € V(H) \ Sy(or x,y €e V(G + H) \ S).
This implies that S ¢ V(G + H) is a fair dominating set of G + H, if x € V(G) \ S; and y € V(H) \ Sy. Since
uv €E(G+H) forall u e V(G) \ S; and v € V(H) \ Sy, it follows that (V(G + H) \ S) is connected. Hence,
S =S;USy c V(G + H) is an outer-connected fair dominating set of G + H, ifx € V(G) \ S; andy € V(H) \
Su.

Therefore, S =S; USy; c V(G + H) is an outer-connected fair dominating set of G +H for all x,y €
V(G+H)\S. =

Lemma 2.6 Let G and H be connected noncomplete graphs. If for every u € S c V(G), uu € E(G) for all
u € V(G)\ S, then S is an outer-connected fair dominating set of G + H.

Proof. Let G and H be connected noncomplete graphs of orders m and n respectively. Then m > 3 and n = 3.
Suppose that for every u € S ¢ V(G), uu' € E(G) for all u' € V(G)\ S. Then N;(u)nS =S forall u' €
V(G)\S. Letx,y eV(G+ H)\S.

Case 1. Consider x,y € V(G) \ S.Form = 3, N;(x) NS =S = N;(y) n S. Thus,
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INg+1(x) N S| = [[Ne(x) UV(H)] N S|

= |[Ng(x) nS]U [V(H) n S]]

= |[N¢(¥) N S]U [V(H) n S]]

= |[Ne() V(D] NS]

= |Ng4sn (@) N S|
That is, |Ngyu(x) NS| = |Ngoy(y) n'S| for allx,y € V(G) \ S. This implies that S c V(G + H) is a fair
dominating setof G + H, if x,y € V(G) \ S.

Case 2. Consider x,y €eV(H). For n=3, Nog(x)NS=S=N;z(y)NS. Thus, |Neypg(x)NS|=
[N¢ 4y () N S| for all x,y € V(H). This implies that S c V(G + H) is a fair dominating set of G + H, if
x,y € V(H).

Case 3. Consider x e V(G) \ Sandy € V(H). Form,n = 3, N;(x) NS =S = [Ny(y) UV(G)] n S. Thus,

INg+n () N S| = |[Ng(x) UV(H)] N S|
= [[Ng(x) nS]U [V(H) n S]]
= |[(Ny() UV (G) NnSTU[D]]
= |Ngru () N S|

Thatis, |Ngyy(x) NS| = [Ny (y) n S| forallx e V(G) \ S and y € V(H). This impliesthat S c V(G + H) is
a fair dominating setof G + H, if x e V(G) \ Sand y € V(H).

Therefore, using Case 1, Case 2, and Case 3, |Ng 5 (x) N S| = |Ngoy(y) N S| for allx,y € V(G + H) \ S. That
isS c V(G + H) is a fair dominating set of G + H. Since, uv € E(G+ H) forallu e V(G) \ S and v € V(H),
it follows that (V(G + H) \ S) is connected. Thus, S is an outer-connected fair dominating setof G + H.m

Lemma 2.7 Let G and H be connected noncomplete graphs. If for every v € S c V(H), vv' € E(H) for all
v € V(H)\ S, then S is an outer-connected fair dominating set of G + H.

Proof. Let G and H be connected honcomplete graphs of orders m and n respectively. Then m > 3 and n = 3.
Suppose that for every v e S cV(H), vv € E(H) for all v e V(H)\S. Then Ny(v)nS =S for all
v €EV(H)\S.Letx,y € V(G +H)\S.

Case 1. Consider x,y €eV(G). For m=3, Ngoy(x)NS=S=N;yu(y)NS. Thus, |[Ngiy(x)NS|=
[Ng.n(y) N S| for all x,y € V(G). This implies that S c V(G + H) is a fair dominating set of G + H, if
x,y €V(G).

Case 2. Consider x,y e V(H) \ S.Form = 3, Ny(x) NS =S = Ny(y) N S. Thus,

INg+n () N S| = |[Ny(x) UV(G)] N S|
= [[Ny(x) nSTU [V(G) n S]]
=[[Ny) nSJU [V(G) n S]]
= |[Ny(y) UV(G)] N S|
= N () N S|

That is, |Ngyy(x) NS| =Ny () nS| for allx,y € V(H) \ S. This implies that S c V(G + H) is a fair
dominating setof G + H, if x,y € V(H) \ S.

Case 3. Consider x e V(G) andy e V(H) \ S. Form,n = 3, [N;(x) UV(H)] NS =S = Ny(y) n S. Thus,

INg+n () NS| = |[Ng(x) UV(H)] N S|

= |Ny) n S|

= |[Ny(y) n ST U [2]]
I[Ny (y) nSTU[V(G) nS]|
[[Ny(¥) UV(G)] N S|
INe+n () N S|
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Thatis, |Ngyy(x) NS| = [Ny (y) n S| forallx e V(G) and y € V(H) \ S. This impliesthat S c V(G + H) is
a fair dominating setof G + H,ifx e V(G) and y e V(H) \ S.

Therefore, using Case 1, Case 2, and Case 3, |N; y(x) N S| = [Ngoy(y) N S| for allx,y € V(G + H) \ S. That
isS c V(G + H) is a fair dominating set of G + H. Since, uv € E(G+ H) forallu e V(G) \ S and v € V(H),
it follows that (V (G + H) \ S) is connected. Thus, S is an outer-connected fair dominating setof G + H.m

The next result, gives an outer-connected fair dominating sets in the join of two noncomplete graphs G and H.

Theorem 2.8 Let G and H be connected noncomplete graphs of order m and n respectively. The set S = S; U
Sy € V(G + H) is an outer-connected fair dominating set of G + Hif one of the following is satisfied.

i) S; € V(G) isafair dominating set of G, (V(G) \ S;) is connected, and Sy = V(H).
i) S; =V(G), (V(H) \ Sy) is connected, and S; < V(H) is a fair dominating set of H.
iii) S; < V(G) is a fair dominating set of G, Sy © V(H) is a fair dominating set of H, and
|Ng (w) n_S(;| + |S§| = |Ny(w) N Syl + 1861,

V)G =K,,H =K, mn=2S; cV(G),Sy cV(H),and |S;| = |SyI.

v) Foreveryu € S c V(G),uu € E(G) forall u € V(G) \ S.

vi) Forevery v € S c V(H), vv' € E(H) forall v' € V(H) \ S.

Proof. i) Suppose that S; < V(G) is a fair dominating set of G, (V(G) \ S;) is connected, and Sy = V(H).
ThenthesetS = S; USy € V(G + H) is an outer-connected fair dominating set of G + H by Lemma 2.2.

ii) Suppose that S; =V (G), (V(H) \ Sy) is connected, and S, < V(H) is a fair dominating set of H. Then the
setS = S; USy < V(G + H) is an outer-connected fair dominating set of G + H by Lemma 2.3.

iii) Suppose that S; c V(G) is a fair dominating set of G, Sy < V(H) is a fair dominating set of H, and

[Ne(w) N Sg| + |Sy| = [Ny (v) N Sy| + |S;|. Then the set S = S; USy; < V(G + H) is an outer-connected fair
dominating set of G + H by Lemma 2.4.

iv) Suppose that G = K,,, H = K,, m,n > 2, S; c V(G), Sy < V(H), and |S;| = |Sy|. Then the set S = S; U
Sy € V(G + H) is an outer-connected fair dominating set of G + Hby Lemma 2.5.

v) Suppose that for every u € S € V(G), uu’ € E(G) forall u' € V(G) \ S. Then the set S c V(G + H) is an
outer-connected fair dominating set of G + H by Lemma 2.6.

vi) Suppose that for every v € S c V(H), vv' € E(H) forall v' € V(H) \ S. Then the set S c V(G + H) is an
outer-connected fair dominating set of G + H by Lemma 2.7.

This completes the proofs. m
The next result is an immediate consequence of Theorem 2.8.
Corollary 2.9 Let G and H be noncomplete graphs of order m > 3 and n = 3 respectively. Then

- _ (1 ify@) =1lory(H) =1
V“fd(GJrH)_{z ifG=K, andH =K, '

Proof. Let G and H be noncomplete graphs of order m > 3 and n > 3 respectively.

Suppose that y(G) = 1. Let S = {u} c V(G) be a dominating set of G. Since u € S, uu’ € E(G) forall u' €
V(G) \ S, it follows that the set S ¢ V(G + H) is an outer-connected fair dominating set of G + H by Theorem
2.8(v). Thus, 7.4 (G +H) <|S|={u}| =1. Since 7.4(G+H) =1, it follows that y.4(G + H) = 1.
Similarly, if y(H) = 1, then using Theorem 2.8(vi), 7.4 (G + H) = 1.
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Suppose that G = K,, and H = K,, for m,n > 2. Let S; = {u} c V(G), Sy = {v} c V(H). Then |S;| = |Sy|.
Using Theorem 2.8(iv), the set S = S; U Sy < V(G + H) is an outer-connected fair dominating set of G + H.
Thus, 7.4 (G + H) < |S| = |[{u, v}| = 2. Since if for any x € V(G + H), S" = {x} is not a dominating set of
G +H, it follows that 7., (G + H) # 1. Hence, 2 < 7.4 (G + H) < |S| = [{u,v}| = 2, that is, 744 (G +
H=2.

This completes the proofs. m

I11. Conclusion

In this work, we introduced a new parameter of domination in graphs - the outer-connected fair
domination in graphs. Some results on the outer-connected fair dominating set in the join of two connected
noncomplete graphs were proven. The outer-connected fair domination number in the join of two graphs were
computed. This study will pave a way to new research such bounds and other binary operations of two graphs.
Other parameters involving outer-connected fair domination in graphs may also be explored. Finally, the
characterization of an outer-connected fair domination in graphs and its bounds is a promising extension of this
study.
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