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Abstract: Let G be a connected simple graph. A dominating set S c V(G) is a fair dominating set in G if
S =V(G) or if S # V(G) and all vertices not in S are dominated by the same number of vertices from S, that is,
IN(w) n'S| = |N(v) n'S| > 0 for every two vertices u,v € V(G) \ S.A fair dominating set S of V(G) is a secure
fair dominating set of G if for each u € V(G) \ S, there exists v € S such that uv € E(G) and the set (S \ {v}) U |

{u} is a fair dominating set of G. The minimum cardinality of a secure fair dominating set of G, denoted by |
Ysta (G), is called the secure fair domination number of G. In this paper, we give some results on the secure fair
domination in the join of two nontrivial connected graphs.
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I. INTRODUCTION

In [1], Claude Berge and Oystein Ore introduced the domination in graph. Claude Berge, a French
mathematician, and Oystein Ore, a Norwegian-American mathematician, are considered pioneers of graph
theory, particularly in the area of domination theory. Berge introduced the concept of the "coefficient of external
stability" (now called the domination number) in 1958, while Ore formalized "dominating sets" and the
domination number in 1962, building on Berge's work. "Towards a Theory of Domination in Graphs" [2], is a
seminal 1977 paper by Cockayne and Hedetniemi that laid the groundwork for the study of domination in
graphs. It introduced key concepts like dominating sets, the domatic number, and the relationship between
domination and graph colorings, providing a foundational framework for later research on network analysis,
optimization, and other applications The contributions of Claude Berge and Oystein Ore, Cockayne and
Hedetniemi in the area of domination in graphs became an area of study by many researchers [3 - 18].

Secure domination in graphs was studied and introduced by E.J. Cockayne et.al [19, 20]. Accordingly, a
dominating set S of V(G) is a secure dominating set of G if for each u € V(G) \ S, there exists v € S such that
uv € E(G) and the set(S \ {v}) U {u} is a dominating set of G. The minimum cardinality of a secure dominating
set of G, denoted by y,(G), is called the secure domination number of G. In [16], Enriquez and Canoy
introduced a variant of secure domination in graphs, the concept of secure convex domination in graphs. Some
studies on secure domination in graphs were found in the paper [21 - 28].

In 2011, Caro, Hansberg and Henning [29] introduced the fair domination and k-fair domination in
graphs. A dominating subset S of V(G) is a fair dominating set in G if all the vertices not in S are dominated by
the same number of vertices from S, that is, |[N(uw) n S| = |[N(v) n S| for every two distinct vertices u and v
from V(G) \ S and a subset S of V(G) is a k-fair dominating set in G if for every vertex v € V(G) \ S, IN(v) N
S| = k. The minimum cardinality of a fair dominating set of G, denoted by y4 (&), is called the fair domination
number of G. A fair dominating set of cardinalitiesy;, (G) is called y;4-set. Some studies on fair domination in
graphs were found in the paper [30 - 41].

For the general concepts, the reader may refer to [42]. Let G = (V(G), E(G)) be a connected simple
graph and v € V(G). The neighborhoodof v is the set N;(v) = N(v) = {u € V(G): uv € E(G)}. If S € V(G),
thenthe open neighborhood of S is the setN;(S) = N(S) = U,es N;(v). The closed neighborhood of S
isN;[S] = N[S] = SUN(S). A subset S of V(G) is a dominating set of G if for every v € V(G)\S, there
exists x € S such that xv € E(G), i.e,N[S] = V(G). The domination numbery(G) of G is the smallest
cardinality of a dominating set of G.

A fair dominating set S of V(G) is a secure fair dominating set of G if for each u € V(G) \ S, there exists
v € S such that uv € E(G) and the set(S \ {v}) U {u} is a fair dominating set of G. The minimum cardinality of
a secure fair dominating set of G, denoted by y¢4 (G), is called the secure fair domination number of G[43]. In
this paper, we give some results on the secure fair domination in the join of two nontrivial connected graphs.
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Il. RESULTS
Remark 2.1 Let G be a complete graph of order n > 2. Then a subset S c V(G) is a secure fair dominating set
of G.

Lemma 2.2 Let G and H be nontrivial connected graphs. Then a nonempty subset S ¢ V(G + H) is a secure fair
dominating setof G + H, if S = V(G) U Sy where Sy is a secure fair dominating set of a noncomplete graph H.

Proof: Let G and H be nontrivial connected graphs. Suppose that S =V(G) USy where Sy is a secure
fairdominating set of a noncomplete graph H. Let u,v € V(G + H) \ S. Then u,v & S = V(G) U Sy, that is,
u,v € V(H) \ Sy. Note that for all u € V(H) \ Sy, Ngoy(w) = V(G) U Ny (). SinceSy, is a fair dominating set
of H, [INy(w) N Sy| = [Ny(v) N Sy|. Thus, forall w,v € V(G + H) \ S,

[Ny (@) S| = |[V(G) UNy ()] N [V(G) U Sy]|
[V(G) U [Ny (w) NSyl

V(G| + [Ny (w) N Syl

V(G| + INy(v) N Sy|

[V(G) U [Ny(v) nSy]l

[[V(G) UNy()] N [V(G) U Syl

[Ng+n(v) N S].

Hence, |N;y (W) N S| = |Ng,x(v) N S| for every two distinct vertices w and v from V(G + H) \ S, that is, S is
a fair dominating set of G + H.

Now, Sy is a secure fair dominating set of H, implies that Sy, is a fair dominating set and for each y € V(H) \
Sy, there exists x € Sy such that xy € E(H) and the set (Sy \ {x}) U {y} is a fair dominating set of H.

Let yeV(G+H)\S=V(G)UVH))\ (V(G)USy) =V(H)\Sy. Then there exists x €Sy c V(G) U
Sy =S such that xy € E(H) c E(G+H) and the set (Sy\{x)U {y}c (V) USH\{x}H)u {y} =
(S\ {x}) U {y}isafair dominating set of G + H.

Hence, S is a fair dominating set and for each y € V(G + H) \ S, there exists x € S such that xy € E(G + H)
and the set (S \ {x}) U {y} is a fair dominating set of G + H, that is, S is a secure fair dominating set of G +
Hm

Lemma 2.3 Let G and H be nontrivial connected graphs. Then a nonempty subset S ¢ V(G + H) is a secure fair
dominating set of G + H, if S = S; UV(H) where S;; is a secure fair dominating set of a noncomplete graph G.

Proof: Let G and H be nontrivial connected graphs. Suppose that S = S; U V(H) where S; is a secure fair
dominating set of a noncomplete graph G. Let w,v €V(G+ H)\ S. Then u,v & S =S; UV (H), that is,
u,v € V(G) \ S;. Note that for all u € V(G) \ S;, Ngn(w) = Nz (u) UV (H). Since S;; is a fair dominating set
of G, [N;(w) N S;| = [Ng(v) N Sg|. Thus, forall w,v € V(G + H) \ S,

[N n(@) NS| = [[Ng(w) UV(H)] N [Sc UV(H)]
[[Ng(w) N Sg] UV (H)|

[Ng(w) NS¢ | + |[V(H)|

[Ng(v) N Sg| + |V(H)|

[[Ng(v) N Sl UV (H)|

[[Ng(v) UV(H)] N [Sg V(H)]|

[Ng+n(v) N S|

Hence, |N; y (W) N S| = |N;y(v) N S| for every two distinct vertices u and v from V(G + H) \ S, that is, S is
a fair dominating set of G + H.

Now, S;; is a secure fair dominating set of G, implies that S; is a fair dominating set and for each y € V(G) \
S¢, there exists x € S; such that xy € E(G) and the set (S; \ {x}) U {y} is a fair dominating set of G.
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Let yeV(G+H)\S= V(G UVH))\ (S; UV(H)) =V(6)\S;. Then there exists x € S;, that is,
X € S; UV(H) = S such that xy € E(G), that is, xy € E(G + H) and the set (S; \ {x}) U {y}, that is, ((SG u
VH\xUy=S\xU{y}is a fair dominating set of &+#.

Hence, S is a fair dominating set and for each y € V(G + H) \ S, there exists x € S such that xy € E(G + H)
and the set (S \ {x}) U {y} is a fair dominating set of G + H, that is, S is a secure fair dominating set of G + H.
]

Lemma 2.4 Let G and H be nontrivial connected graphs. Then a nonempty subset S c V(G + H) is a secure fair
dominating set of G + H, if S; and Sy are secure fair dominating sets of noncomplete graphs G and
Hrespectively, [S;| = |Sy|, and for each x € V(G) \ S; and y € V(H) \ Sy, there exists x € S; such that
IN;(x) N S| = |N; (x) N [(S; \ {x'}) U{x}]| and there exists y" € S such that |[Ny(¥) N Sy| = [Ny(y) n
[Sy \{y'D U B3l

Proof: Let G and H be nontrivial connected graphs. Suppose that S = S; U S, where S; and Sy are secure fair
dominating sets of noncomplete graphs G and Hrespectively, |S;| = |Sy|, and for each x € V(G) \ S; and
y € V(H) \ Sy, there exists x' € S; such that |N;(x) N Sg| = [Ng(x) n[(Sg \ {x'}) U{x}]| and there exists
y €Sy such that |[Ny(y) NSyl = |Ny(y)N[Sy\{yDuU{}lLet x,y €V(G+H)\S. Consider the
following cases.

Case 1. Let x,y € V(G) \ S;. Since S; is a fair dominating set of G, |[N;(x) NnS;| = |N;(y) n S| for all
x,y €EV(G)\ S;. Now,

N1 (x) N S| = [[Ng(x) UV(H)] N (Sg U Sy)
= |[Ng(x) N (S US] U [V(H) N (Ss US|
[[Ng(x) N S U Syl

[Ng(x) N Sg| + ISkl

INe(¥) N Sg| + ISkl

[[Ne(y) N Sg] U Syl

[[Ne () N (S US)]U[V(H) N (S US|
[[Ne () UV(H)] N (Sg U Syl

Neip(y) N S|.

Hence, |N; y(x) NS| = |N;+y(y) N S| for every two distinct vertices x and y from V(G) \ S;.

Case 2. Let x,y € V(H) \ Sy. Since Sy is a fair dominating set of H, |Ny(x) N Sy| = |Ny(y) N Sy| for all
x,y € V(H) \ Sy. Now,

[Ng1n(x) NnS| = [[V(G) UNy(x)] N (Sg USy)l
[[V(G) N (Sg USK)] U [Ny(x) N (Sg U Sy
[S¢ U [Ny (x) NSyl

IS¢ | + [Ny (x) 0 Syl

IS¢ | + [Ny (y) N Syl

IS¢ U [Ny () N Syl

[[V(G) N (Sg USp] U [Ny(y) N (Sg U Syl
[[V(G) UNy(] N (Se USy)l

[N+n(¥) N S|.

Hence, |N;,y(x) NS| = |Ng+y () N S| for every two distinct vertices x and y from V(H) \ Sy.
Case 3. Letx € V(G) \ S; and y € V(H) \ Sy. Given that |S;| = |Sy| and |[N;(x) N S;| = |[Ny(y) N Sy|,
INGu(x) N S| = |[Ng(x) UV(H)] N (Sg U Sy)l

= [[Ng(x) N (S US] U [V(H) N (S USy)II
= |[Ng(x) N Sg] U Sy
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[Ng(x) N Sg| + ISyl

Ny (¥) NSyl + [S¢]

[Ny (y) NSyl U S|

[Ny (y) 0 (S U Syl U[V(G) N (Sg U Syl
[Ny () UV (G)] N (Sg U Sy

[Ng+n(¥) N S|

Hence, |Ngyy(x) NS| = |Ngy(y) N S| forevery x e V(G) \ S; andy € V(H) \ Sy.

By Case 1, Case 2, and Case 3, |[Ngiy(x) N S| = |Ngyoy(y) nS| forall x,y e V(G + H)\ S. Thus, S is a fair
dominating set of G + H.

Let u € V(G + H) \ S. Clearly, there exists v € S such that uu' € E(G + H) and (S \ {u'}) U {u}. To show
that S' = (S \ {uhHu {u} is a fair dominating set of G + H, one of the following is satisfied.

Case 1. Suppose that u € V(G) \ S;. Since S;; is a secure fair dominating set of noncomplete graph G, S; is a
fair dominating set and for each u € V(G) \ S;, there exists u' € S; such that uu’ € E(G) and (S; \{u D u
{u} is a fair dominating set of G. Since |N;(u) N S| = |[Ng(w ) N [(Sg \ {u}) U {u}]], it follows that

INgin(@) NS| = |[Ng) UV(H)] N (S; USy)|
[[Ng (w) N (Sg USy)] U [V(H) N (Se VS
[N (w) NS¢l U Syl

INo(u) N S| + 1Sk]

ING () 0[S \ ') U {ul]] + 1541
|(N(;(u’) NS \{uphu {u}]) U Syl
[(Ng(u) ’USH) N ([Se \{ud) U {u]u syl
|[NG+H(u’)] n[((Ssu ,SH) \ {u'}) u {u]|

= |[Neyn@)I N [(S\{u D) v {uj]|

Hence, [Ng.y () N S| = [Ny (') nS'| for every u € V(G) \ S; € V(G + H) \ S and for some u" € S, that
is, S = (S\ {u}) U {u}isa fair dominating set of G + H. Since S and S’ are fair dominating sets of G + H, it
follows that S is a secure fair dominating set of G + H.

Case 2. Suppose that u € V(H) \ Sy. Since Sy is a secure fair dominating set of noncomplete graph H, Sy is a
fair dominating set and for each u € V(H) \ Sy, there exists u € Sy such that uu € E(H) and (Sy \{u H U
{u} is a fair dominating set of H. Since [Ny (w) N Sy| = [Ny () N [(Sy \ {u'}D) U {u}]|, it follows that

[Ny (@) nS| = |[V(G) UNy(W)] N (SgUSy)l
[[V(G) N (Sg USK)] U [Ny(w) N (Sg USI
IS¢ U [Ny (W) N Sy

S| + [[Nu (W) 0 Syl )

1561 + [Ny () 0[Sy \ () U (]

152 U (1N (@) 0 [y \ (D) U (D)

1(Sg U Ny () N (Sg U [(Sy \ {u'}) U {u}])]
Nown ) 0 [((S U S\ ) U ]
INgsn @) NS\ {u})u{uj]l

Hence, |Ng.y (W) NS| = |Ngyy () N S'| forevery u € V(H) \ Sy < V(G + H) \ S and for some u' € Sy, that
is, §" = (§\ {u'}) U {u} is a fair dominating set of G + H. Since S and S’ are fair dominating sets of G + H, it
follows that S is a secure fair dominating setof G + H. m
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Lemma 2.5 Let G and H be nontrivial connected graphs. Then a nonempty subset S c V(G + H) is a secure fair
dominating set of G + H, if S; and S are nonempty subsets of complete graphs G and Hrespectively.

Proof: Let G and H be complete graphs. Clearly G + H is a complete graph. Let S € V(G + H). Then S is a
secure fair dominating set of a complete graph G + H, by Remark 2.1. m

Theorem 2.6 Let G and H be nontrivial connected graphs. Then a nonempty S ¢ V(G + H) is a secure fair
dominating set of G + H, if one of the following conditions is satisfied.

(1)S = V(G) U Sy where Sy is a secure fair dominating set of a noncomplete graph H.
(ii)S = S; U V(H) where S;; is a secure fair dominating set of a noncomplete graph G.
(iii)S = S; U Sywhere

a)S; and Sy are secure fair dominating sets of noncomplete graphs G and H respectively,
IS¢| = |Sy|, and for each x € V(G) \ S; and y € V(H) \ Sy, there exists x € S; such that

) ING (%) N Sg] = INs(x) N [(S \ {x'D U {x]|
and there exists y € Sy such that

INy() N Syl = INgO) N [(Sy \ {¥'D U I,
b) or S; and S are nonempty subsets of complete graphs G and Hrespectively.

Proof: Let G and H be nontrivial connected graphs.

Suppose that statement (i) is satisfied. Then a nonempty subset S c V(G + H) is a secure fair dominating set of
G + H, by Lemma 2.2.

Suppose that statement (ii) is satisfied. Then a nonempty subset S < V(G + H) is a secure fair dominating set
of G + H, by Lemma 2.3.

Suppose that statement (iii)a) is satisfied. Then a nonempty subset S ¢ V(G + H) is a secure fair dominating
set of G + H, by Lemma 2.4.

Suppose that statement (iii)b) is satisfied. Then a nonempty subset S c V(G + H) is a secure fair dominating
set of G + H, by Lemma 2.5. This completes the proofs. m

The following result is an immediate consequence of Theorem 2.6.
Corollary 2.7 Let G and H be nontrivial connected graphs of order m and order n respectively. Then

1 if G and H are complete graphs
Yspa (G +H) ={n  if Gisacomplete graph and H = P; + K,_,
m if m=P, +K,_, and H is a complete graph

Proof: Let G and H be nontrivial connected graphs of order m and order n respectively. Consider the following
cases.

Case 1. Suppose that G and H are complete graphs. Then G + H is a complete graph and by Remark

Case 2. Suppose that G is a complete graph and H = P, + K,,_;. Let S =V(H) and x,x € V(G + H)\ S =
V(G). Then

NG (x) N S| = |[Ng(x) UV(H)] nV(H)|
= [V \{xH v VHE)]nV(H)|

v

V(&) \ {x DUV NV(H)
[Ng1n(x) NS
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Thus, [Ngoy(x) NS| = [Ngiy(x ) nS| forall x,x € V(G + H)\ S =V(G), that is, S is a fair dominating set
of G +H.

Let V(G) = {x1,x0,.., %}, V(P) ={y} and V(K,_1) ={y1,¥2,---»¥n_1}- Then V(G +H)=V(G)U
V(H) = {x, %2, X Vs V1, V20 o+, Yn—1}- Let S=V(H) = {y’,yl,yz,...,yn_l}.For every x V(G + H)\
S =V(G), there exists y € S such that xy e E(G+H) and S =S\ {yDHDU{x} =Ly s V1, x}. TO
show that S’ is a fair dominating set of G + H, suppose that x',y € V(G + H) \ S’ = (V(G) \ {x}) U {y}. Then

INexu ) N S| = [[V(G) UNy(IN S|

|[{x1,x2,.. 'lxm} U {ylvyZ""'yn—l}] n {J’1'J’2'---:3’n—1:x}|
|{y1:y2:---:yn—1:x}| ,

|[({X1,.?C2,...,Xm} \ {x }) Y {y')’h)’z:---:Yn—l}] n {YLYZ:---:}’n—l:xH
|[Ng (x )Y V()] nS'|

INg+u(x ) NS’

Thus, forall x',y € V(G + H)\ S = (V(G) \ {x}) U {y}, N (x) N S'| = |[Ngiy(y) N S'| implies that §' is a
fair dominating set of G + H.

Since S is a fair dominating set of G + H and for every x € V(G + H) \ S there exists y € S such that xy €
E(G+H) and S = (S\{y}) u{x} is a fair dominating set of G + H, it follows that S is a secure fair
dominating set of G + H.

Suppose that S = {y, y1,¥2,---,Yn_1} IS NOt @ minimum secure fair dominating set of G + H.Then there exists
y' € S such that S \ {y'} is a secure fair dominating set of G + H. However, S \ {y} is not a dominating set of
G+ H, and for any y' € S\ {y},S \ ¥’ is not a fair dominating set of G + H. Further, if S\# V(H), then S is
either not fair or secure dominating set of G + H. Hence, S = V(H) = {y,¥1, Y2, .-+, Yn_1} Must be a minimum
dominating set of G + H. Therefore, y¢4 (G) = |S| = n.

Case 3. Suppose that G = P, + K,,_; and H is a complete graph. Let S = V(G) and y,y € V(G + H)\ S =
V(H). Then

INe:n @) NS| = [[V(G) UN; (] NV(G)|
V(&) v (V(H)\ {yD]nV(G)]

149] ,

V(G u V) \{y DInV(G)I
[Nty )N S|

Thus, |[Ngsy ) NS| = |Ngon(y) nS|forall y,y € V(G + H) \S = V(H), that is, S is a fair dominating set
of G + H.

Let V(G) = {x,x1,X3,...., Xp—1}, V(Py) = {x} and V(K,,_1) = {x1,%x3,...,%X,_1}. Then V(G + H) =V (G) U
V(H) = {x,%1,%2,..., Xpn—1, Y1, V2, -+, Yn}. Let S=V(G) = {x,x1,%,,...,%xn_1}.FOr every y eV(G+H)\
S =V(H), there exists x € S such that yx € E(G+H) and ' = (S\ {x}) U{y} = {x1, %3, ..., X_1,¥}. TO
show that S’ is a fair dominating set of G + H, suppose that x,y' € V(G + H)\ S = (V(H) \ {y}) U {x}. Then

INen ) NS =V UNyOINS|

= |[{x1x11x21"'1xm—1} U ({yliyZ""'yn} \ {y })] n {xlixZ""'xm—liy}l
|{x1'x2""'xm—lﬂy}|

|[({xlix2""'xm}) U {)’1,)’2:---’)’n}] n {xlixZi-"'x‘m—lty}l

= |[NeG)uvH)| n S|

= |Ngu(x) N S.

Thus, for all x,y € V(G + H)\'S = WH) \ {yD U {x}, INgen @) NS'| = |Ngpy (x) N S'| implies that S is
a fair dominating set of G + H.
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Since S is a fair dominating set of G + H and for every x € V(G + H)\S there exists y € S such that xy €
E(G+H) and S = (S\{y}) U {x} is a fair dominating set of G + H, it follows that S is a secure fair
dominating set of G + H.

Suppose that S = {x, x1,x5,...,%,,—1} iS not a minimum secure fair dominating set of G + H.Then there exists
x' € S such that S\ {x} is a secure fair dominating set of G + H. However, S \ {x} is not a dominating set of
G+ H, and for any x' € S\ {x}, S\ ' is not a fair dominating set of G + H. Further, if S # V(G), then S is
either not a fair or secure dominating set of G + H. Hence, S =V (G) = {x,x1,%5,...,%,_1} Must be a
minimum dominating set of G + H. Therefore, yy s (G) = |S| =m. This completes the proofs of the
Corollary.m

I1l. CONCLUSION

In this paper, we present a binary operation of the secure fair domination in graphs - the join of two
connected nontrivial graphs. First, we establish some results through Lemmas. Next, we consolidate the
Lemmas to prove a Theorem. Lastly, we give the immediate consequence of the Theorem, the Corollary. This
study will pave a way to new researches such as the other binary operations of two connected graphs - the
corona, the Cartesian product, etc. Other parameters relating the secure fair domination in graphs may also be
explored. Finally, the characterization of a secure fair domination in graphs is a challenging extension of this
study.
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