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Abstract: A (p,q)-graph G is said to be strongly k-indexable, if its vertices can be assigned distinct 

nonnegative integers 0,1,2,…,p-1 so that the values of the edges, obtained as the sum of the numbers assigned to 

their end vertices can be arranged in the arithmetic progression k,k+1,k+2,…k+(q-1). In this paper we introduce 

and study weakly indexable graphs: a graph G is said to be weakly k-indexable, if its vertices can be assigned 

distinct nonnegative integers0,1,2,…,p-1 so that the values of the edges, obtained as the sum of the numbers 

assigned to their end vertices form the multiset of numbers k,k+1,k+2,…,k+twhere t is a positive integer less 

than q-1. In this paper, we obtain some necessary conditions on weakly k-indexable graphs, strongly k-indexable 

graphs and investigate classes of graphs which admit weak or strong indexers.  

Keywords:Indexer, weak indexer, strong indexer. 
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1. Introduction 
For terminology and notation in graph theory we follow Harary [6] and West [9]. 

Given a graph G = (V,E), the set N of nonnegative integers, a subset A of N and a commutative binary 

operation ,:* NNN  every vertex function AGVf )(:   induces an edge function

NGEf )(:*
 such that ).(),(*)()),(),(*()(* GEuvvfufvfufuvf   Often it is of interest to 

determine the vertex functions fhaving a specified property P such that the induced edge functions
*f  have a 

specified property Q, where P and Qneed not necessarily be distinct. In this paper, we are interested in the study 

of vertex functions f, for which the induced edge function 
*f  defined as 

).(),()()(* GEuvvfufuvf   Such vertex functions are said to be additive and henceforth this 

particular induced map 
*f of f  will be denoted .f  A vertex function f  is said to be an additive labeling if 

bothf and 
f  are injective. 

 

We adopt the following notations throughout this paper. 

)}(:)({)( GVuufGf   

)}(:)({)( GEeefGf  
 

 
Acharya and Hegde [2,7] have introduced the concepts of indexable and strongly indexable graphs: A graph G = 

(V,E) is said to be (k,d)-indexable if it admits a (k,d)-indexer, namely, a bijection

}1,...,2,1,0{)(:  pGVf  such that }.)1(,...,2,,{)( dqkdkdkkGf 
 When k = d = 1, f 

is called an indexer. If },)1(,...,2,,{)( dqkdkdkkGf 
then f is called a strong (k,d)-indexer. 

If d = 1, then a strong (k,d)-indexer fis called a strong k-indexer and G is said to be strongly k-indexable if it 

admits such an indexer for some k. If k = d = 1, then f is called a strong indexer and G is said to be strongly 

indexable if it admits such an indexer. An additive labeling f of a graph G is said to be an indexable labeling if 

}1,...,2,1,0{)(:  pGVf  such that the values in )(Gf 
 are all distinct. A graph which admits such a 

labeling is called an indexable graph. 

In this paper we introduce the concept of weak indexer: A (k,d) indexer fis called a weak (k,d)-indexer, 

if edge values form the multiset },,...,2,,{)( tdkdkdkkGM  where t is a positive integer <q-1. A 

graph G which admits such an indexer for some k and d, is called a weakly (k,d)-indexable graph. If d = 1, then f 

is called a weak k- indexer. A graph which admits such an indexer f for some k, is called a weakly k-indexable 

graph. If k = d = 1, then f is called a weak indexer. A graph which admits such an indexerf is called a weakly 

indexable graph. If t = q-1, then f becomes a strong (k,d)-indexer. In this paper, we obtain some necessary 
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conditions on weakly k-indexable graphs, strongly k-indexable graphs and investigate classes of graphs which 

admit weak or strong indexers.  

One can observe that for a weakly k-indexable graph G, 

.42)(   pkefk  
 

It follows from the definition that, every strongly indexable graph is indexable, but not the converse. 

For example, one can see that C4 with the vertex labels (0,1,3, 2) is an indexable graph but not strongly 

indexable (it is known from [8], that even cycles are not strongly indexable). Note that there are graphs, which 

are both strongly as well as weakly indexable. That means, they are label dependent. For example 22 KK  if  

vertices of the common edge are labeled 1 and 2 (or 0 and 1) and the other two vertices are labeled 0 and 3 (or 2 

and 3), we get the required strongly (or weakly ) indexable graph. Also the graphs 3C and K1,n are examples for 

strongly indexable but not weakly indexable. The cycle C4 with the labels (0,3,1,2) is an example for a weakly 

2-indexable graph, which is not strongly k-indexable. The disconnected graph 2C3 with the labels (0,1,2), (3,4,5) 

is an example for an indexable graph which is neither strongly indexable nor weakly indexable. Therefore, it is 

interesting to study weakly indexable graphs and strongly indexable graphs. 

 

Theorem 1[1]. For any graph G=(V,E) and for any additive vertex function ,)(: NGVf   




 
)()(

)()()(
GVuGEe

udufef                                                                        (1) 

 

Theorem 2 [2] . For any (k,d)-indexable (p,q)-graph G, 

 

d

dkp
q

)32( 
                                                       (2) 

 

If d = 1, then .321  pqk  

We recall the following definitions. 

 

Definition 1 [4]. A complete r-partite graph is obtained by partitioning the vertex set into r sets and joining two 

vertices if and only if they lie in different sets. If all of these sets have size k , then the resulting graph is denoted 

by Kr (k). 

 

Definition 2.  A cycle with n-pendant edges attached at each vertex is called the n-crown, denoted as .nm KC   

 

Definition 3. A helm is obtained from a wheel (Wn = Cn + K1) by attaching pendant edges to each of the rim 

vertices of the cycle. 

 

Definition 4. The generalized closed helm CH (t,n), 3,2  nt  is obtained from a helm by joining the 

pendant vertices to form a cycle such that it contains t cycles and n vertices. 

 

Definition 5. The generalized wheel is defined as Wm,n  = Cn + Km. 

 

2. Weakly Indexable Graphs 
 
In this section, we study the structural properties of weakly k-indexable graphs and the graphs 

admitting such a labeling. 

 

Lemma 1. For a connected weakly k-indexable (p,q)-graph G, 

 

.321  tpk  

 

Proof. According to the definition, .1},,...,2,1,{)(  qttkkkkGf Since the maximum edge 
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value is 2p-3, 

32  ptk  

32  tpk  

Therefore

.321  tpk

 

Theorem 3 . Every connected weakly indexable graph contains a triangle. 

 

Proof. Let G = (V,E) be a weakly indexable (p,q)-graph with a weak indexer f . Let G contains at least four 

vertices. Observe that the edge values 1, 2, 2p-4 and 2p-3 can be obtained only by one choice of the pair (0,1), 

(0,2), (p-3,p-1) and (p- 2,p-1) respectively, i.e. 1= 0+1, 2= 0+2, 2p-4 = p-3 + p-1, 2p-3 = p-2 + p-1. But the edge 

values 3,4,…,2p-5 can be obtained by more than one choice of a pair (a,b). Since G is weakly indexable, at least 

one of the values 3, 4,…,2p-5 recurs. Without loss of generality, we can assume that either 3 or 2p-5 recurs. 

 

Suppose 3 occurs twice. That means the pair (0,3) and (1,2) are joined by lines. Then, it follows that 

0,1,2 forms a triangle. 

 

On the other hand, if 2p-5 occurs twice. That means the pairs (p-4,p-1) and (p-3,p-2) are joined by 

lines. But, then (0, p-4,p-1) and (0,p-3,p-2) form triangles. Therefore, every connected weakly indexable graph 

contains a triangle. Hence the proof. 

 

From the above theorem, it follows that the class of connected triangle-free graphs are not weakly in-

dexable. This infinite class contains all bipartite graphs, cycles etc. Hence, if a unicyclic graph is weakly 

indexable, then its unique cycle must be a triangle. 

 

Corollary 3.1. If G is a connected weakly indexable (p,q)-graph, then .4 qp   

 

Proof. From the above theorem, it can be observed that every weakly indexable graph must contain at least four 

vertices. Since a tree is not weakly indexable, pq  so that .4 qp   

 

Corollary 3.2. If G is a weakly indexable graph with a triangle, then any weak indexer of G must assign 0 to a 

vertex of a triangle in G. 

 

Theorem 4 . If baK ba 2,,    is weakly k-indexable, then .bk   

 

Proof. Let },...,,{ 211 auuuV  and V2 = },...,,{ 212 bvvvV  be the bipartition ofKa,b, where 

., bBaA   Note that f (Ka,b) contains the numbers from 0 to a +b-1. Suppose baK ba 2,,   is 

weakly k-indexable for k >b. Without loss of generality, assign the number 0 to a vertex of V2. Then the numbers 

1,2,…,b are to be assigned to the vertices of V2 . Since there are only b-vertices in V2 , the number b has to be 

assigned to a vertex of V1 . This implies an induced edge value b, which is a contradiction to our assumption that 

k > b. Thus, k cannot be greater than b. Hence if baK ba 2,,  is weakly k-indexable,then .bk   

 
Theorem 5 . If G is an r-regular weakly k-indexable (k >1) (p,q)-graph, then 

 

.
)22(1

4

}16)24({1 2








 








 

rp

rprp
k

rp

rpprp
 

 

Proof. Let G = (V,E) be an r-regular weakly k(> 1)-indexable (p,q)-graph. Without loss of generality, we can 

assume that either k+1 or k+q-3 recurs. Suppose (k+1) occurs (q-1) times, i.e. 

}.1,...1,1,{)( timesqkkkGf 
 Using equation (1), we get 
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)1)(1()(
1

0






qkkufr
p

i

 

 

1
1

0






qkqir
p

i

 

1
2

)1(



qkq

prp
 

But, for an r-regular graph, 
2

rp
q   

 

1
222

)1(


 rpkrpprp
 

krprprp  222
 

 

 

,222  rprpkrp  

From which we get 

.
)22(1 2








 


rp

rprp
k                                                                        (3)                                                                                              

 

If, on the other hand, k+q -3 occurs twice, then from equation (1), we get 

2334...21
2

)1(



qkqkqkqkkkk

prp
 

42
2

)1( 2 


qkqq
prp

 

Using
2

rp
q  , we get 4

24

)(

2

22




krp
rprprprp

 

krprpprrp 41624 222   

 

krprpprp 416)24(   

From, which we get                             






 


rp

rpprp
k

4

}16)24({1
                                              (4) 

 

From equation (3) and (4), we get 

.
)22(1

4

}16)24({1 2








 








 

rp

rprp
k

rp

rpprp
 

This completes the proof. 

 

For example: The 3-regular graph as shown in Figure 1 is both weakly 2-indexable (see Fig.1 a) as well 

as weakly 3-indexable (see Fig.1b)). But one can verify that it is not weakly 4-indexable. 
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Figure 1: Weakly 2-indexable and weakly 3-indexable labelings. 

 

 

Theorem 6 . The complete graph Kp, p> 3 is weakly indexable. 

 

Proof. Denote the vertex set of the complete graph of order p; KpasV (Kp) = .10:  pivi  

Define, 

.10,)(  piivf i  

Then, one can easily observe that when p is even, the edge values (1, 2),(3, 4),(5, 6),…, (p -3, p- 2), (p-1, p); 

(p+1, p+2),…, (2p-6,2p-5), (2p-4; 2p-3) occur respectively (1, 1),(2, 2),(3, 3),…, ),
2

2
,

2

2
(

 pp

),
2

2
,

2
(

pp
),

2

4
,

2

2
(

 pp
…(2,2),(1,1) times. when p is odd, the edge values (1,2),(3, 4),(5, 6),…, (p- 1, 

p),…, (2p -6,2p -5), (2p -4; 2p-3) occur respectively (1, 1),(2, 2),(3, 3),…, ),
2

1
,

2

1
(

 pp
…,(2,2),(1,1) times. 

Note that )( pKf 
contains edge values from 1 to 2p-3. Hence pK is weakly indexable. 

 

Next, we give a method to recursively enlarge a weakly indexable graph G to a weakly indexable 

graph H of higher order. 

Denote the vertex set of the complete graph of order p; Kp as V (Kp) = .10:  pivi  Define 

the function f as above. Introduce 1, tK t   new vertices and join them to each vertex of Kp by single new 

lines. Assign the values p+t-1 to the newly introduced vertices in a one-to-one manner. One can see that the 

resulting graph is weakly indexable with edge values from 1 to 2p + t-2. 

 

Theorem 7 . For any integer ,2t r> 2, the complete r-partite graph Kr (t) is weakly k-indexable, where  

k = t. 

 

Proof. Note that the complete r-partite graph for t=1, is nothing but the complete graph Kr , which is weakly 

indexable for r > 3. Let r> 2, .2t  Note that Kr(t) contains rt vertices and
2

2
.tC

r

 edges. Let

},,...,,{ ,12,11,11 tuuuA  },...,,...,,{ ,22,21,22 tuuuA  },,...,,{ 2,1, turuuA rrr  be the r-partitions, each  

 

of size t. Define, 

 

.1,1,1)1()( , tjrijtiuf ji   

1 

4 

2 0 

3 

5 

(a) (b) 

1 

4 

0 3 

5 

2 
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Then one can ver i fy tha t  ))(( tKf r


contains the edge va lues from t  to  2 rt - t -2  where the  

middle  te rm rt -1  occurs
2

rt
 t imes where r  i s  even and t

r
.

2






t imes  when r  i s  odd.  

Theorem 8. The helm nH  is weakly k-indexable, where 
2

13 


n
k  if n is odd 

2

n
 and if n is even. 

Proof.Let nH be the helm. Note that nH  has 2n+1 vertices and 3n edges. Denote the rim vertices of nH as 

;,...,, ,12,11,1 nvvv the pendant vertices adjacent to nvvv ,12,11,1 ,...,, as nvvv ,22,21,2 ,...,, and the centre as .0,0v

We consider two cases. 

Case 1: n odd. 

Define,                              




















12,
2

13

1,,
2

)1(
2

)( ,1

njevenj
jn

njoddj
j

n

vf j  

 njjvf j  1,1)( ,2  

.2)( 0,0 nvf   

Then one can verify that },14,...,
2

13
,

2

13
{)( 


 n

nn
Hf n

where the edge values 

2

37
,...,13,3




n
nn occur two times. Therefore nH  is weakly k-indexable

2

13 


n
k  for n is odd. 

Case2 :n even. 

 

Define, 


















njevenj
jn

njoddj
j

vf j

2,
2

2

11,,
2

)1(

)( ,1  

nvf 2)( 1,2   

















njevenj
j

n

njoddj
jn

vf j

2,
2

13,,
2

)13(

)( ,2  

.)( 0,0 nvf   

Then one can verify that },
2

25
,...,

2

2
,

2
{)(


 nnn

Hf n
where the edge values )

2

43
,...,,1(




n
nn

)2,...,
2

43
,

2

23
( n

nn 
occur two times. Therefore nH  is weakly k-indexable

2

n
k   for n is even. 
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Fig.2: Weakly 7-indexable labeling of .5H  

 

Theorem 9. If G is a weakly (1,2)-indexable tree, then there exists a partition of )(GV in to two parts 1V  and 

2V such that .121  VV  

Proof. Suppose that G is a weakly (1,2)-indexable tree. Then )(Gf 
contains all odd numbers 1,3,…,2q-

1.Without loss of generality,let )},2(mod0)(:{1  ufuV )}.2(mod1)(:{2  vfvV Since

},1,...,1,0{)(  pGf the number of even numbers in this set is equal to zero or one more than the number 

of odd numbers. Hence .121  VV  

But one can easily verify that the sub division graph of 3,1K is not weakly (1,2)-indexable and hence the 

converse is not necessarily true. 

Theorem 10. The disjoint union of cycles, n

mC  is weakly (k,2)-indexable for 

i) m even ,2 n even 4  

ii) m even ,2 n odd 3  

where
2

mn
k  when n is even and 

2

)1( 


nm
k when n is odd. 

Proof. Let n

mC denote the disjoint union of m cycles. Denote )( n

mCV as mVVV  ..21 where

},1,1:,...,,{ 21 njmivvvV n

iii  j

iv is the j th vertex of i th cycle. We consider two cases. 

Define }1,...,2,1,0{)(:  mnCVf n

m
as follows. 

Case 1: m even n even .4  

Define,           
2

2
0,1,1)( 12 

 n
jmiijmvf j

i  

.
2

1,1),1
2

()( 2 n
jmij

n
mvf j

i   

10 6 
1 

2 

8 

5 
3 

7 

4 

9 

0 
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Then one can see that )( n

mCf 
contains edge values from 

2

mn
to 

2

43 mn
(which are even numbers)where 

all even numbers from m(n-1) to m(n+1)-2 occur at least twice. Hence n

mC  m even ,2 n even 4 is weakly 

(k,2)-indexable where .
2

mn
k   

Case 2: m even ,2 n odd 3  

Define,
2

1
0,1,1)( 12 

 n
jmiijmvf j

i
 

.
2

1
1,1,1

2

1
()( 2 





n

jmij
n

mvf j

i
 

Then one can see that )( n

mCf 
contains edge values from 

2

)1( nm
to 2

2

3


 mmn
(which are even 

numbers)where all even numbers from 
2

)1( nm
to 2

2

)13(


nm
occur  twice. Hence n

mC  m even ,2

nodd 3 is weakly (k,2)-indexable where .
2

)1( 


nm
k  

Theorem 11.The disconnected graph rt CPG  is weakly k-indexable, where 

i) ,22  nmk if rtnrmt  ,12,12 and if rtnrmt  ,2,12  

ii) nmk  2 if rtnrmt  ,2,2 and if rtnrmt  ,12,2  

iii) 22  nmk if rtnrmt  ,12,12 and if rtnrmt  ,12,12  

iv) ,12  nmk if rtnrmt  ,2,12 and if rtnrmt  ,12,2  

v) nmk 2 if rtnrmt  ,2,2 and if .,2,2 rtnrmt   

Proof. Let tP be a path ont-verticesand rC be a cycle of length r. Denote the vertices of tP  as tuuu ,...,, 21 and 

the vertices of rC  as .,...,, 21 rvvv Note that ,)( rtGV  .1)(  rtGE We consider four cases. 

Case 1: .12,12  nrmt  

Define }1,...,2,1,0{)(:  rtGVf by 

miiuf i  0,)( 12  

miinmuf i  1,12)( 2  

11,)( 12  njjmvf j  

.1,1)( 2 njjnmvf i   

It can be easily verified that if t<r, then )(Gf 
contains edge values from 2m+n+2 to 2m+3n+2, where the 

values from m+2n+2 to 3m+2n+1 occur twice. if t=r, then )(Gf 
contains edge values from m+2n+2 to 

2m+3n+2, where the values from m+2n+2 to 3m+2n+1 occur twice. if t>r, then )(Gf 
contains edge values 

from m+2n+2 to 3m+2n+1, where the values from 2m+n+2 to 2m+3n+2 occur twice. 

Case 2: .2,2 nrmt 
 

Define }1,...,2,1,0{)(:  rtGVf by 

10,)( 12  miiuf i  

miinmuf i  1,12)( 2  

njjmvf j  1,1)( 12  

.1,1)( 2 njjnmvf i   
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It can be easily verified that if t<r, then )(Gf 
contains edge values from 2m+n to 2m+3n-2, where the values 

from m+2n to 3m+2n-2 occur twice. Ift=r, then )(Gf 
contains edge values from m+2n to 3m+2n-2, where all 

the values occur at least twice. if t>r, then )(Gf 
contains edge values from m+2n to 3m+2n-2, where the 

values from 2m+n to 2m+3n-2 occur at least twice. 

Case 3: t=2m+1,r=2n. 

Define }1,...,2,1,0{)(:  rtGVf by 

miiuf i  0,)( 12  

miinmuf i  1,12)( 2  

njjmvf j  1,)( 12  

.1,)( 2 njjnmvf i   

It can be easily verified that if t<r, then )(Gf 
contains edge values from 2m+n+2 to 2m+3n, where the values 

from m+2n+1 to 3m+2n occur at least twice.  if t>r, then )(Gf 
contains edge values from m+2n+1 to 3m+2n, 

where the values from 2m+n+2 to 2m+3n occur at least twice. 

Case 4: t=2m, r=2n+1. 

Define }1,...,2,1,0{)(:  rtGVf by 

10,)( 12  miiuf i  

miinmuf i  1,2)( 2  

11,1)( 12  njjmvf j  

.1,)( 2 njjnmvf i 
 

It can be easily verified that if t<r, then )(Gf 
contains edge values from 2m+n to 2m+3n, where the values 

from m+2n+1 to 3m+2n-1 occur  twice.  if t>r, then )(Gf 
contains edge values from m+2n+1 to 3m+2n-1, 

where the values from 2m+n to 2m+3n occur  twice. 

 

3. Strongly Indexable Graphs 

 
In this section, we study the classes of graphs admitting strongly indexablelabelings. 

 

Theorem 12. If an r-regular graph is strongly k-indexable, then .3r  

Proof.Let G be an r-regular strongly k-indexable graph with .4r Then .2
2

p
rp

q  This is a contradiction 

to equation (2) for any .1k Hence if an r-regular graph is strongly k-indexable, then .3r  

Theorem 13[8]. A complete bipartite graph nmK nm ,, is strongly k-indexable if and only if m=1. 

Next, we obtain a necessary and sufficient condition for the join 21 GG   of two graphs 1G and .2G
 

 

Theorem 14. The join of two graphs 1G and 2G
 is strongly indexable if and only if 

i)at least one of 1G and 2G
has exactly two vertices and  

ii) 21 GG 
has exactly one edge. 

Proof. Let 1G
be a 

),( 11 qp
-graph and 2G

be a 
),( 22 qp

-graph. Assume that 21 GG 
 is a strongly 

indexable graph with 
.221 pp
 Let 

.)( 21 mGGE 
 Then 2121 )( ppGGV 

and 

.)( 2121 ppmGGE 
Using equation (2),we get 

,3)(2 2121  ppppm which implies 
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,322 2121  ppppm
so that 

mpp  1)2)(2(0 21                                                       (5) 

Thus 
.1m
Note that if m=0, then 21 GG 

is a complete bipartite graph, which is not stronglyindexableby 

Theorem 13. So m must be 1.That means 
.1)( 21 GGE
This in turn implies  from equation (5) that 

.0)2)(2( 21  pp
Therefore either 1p

or 2p
 must be 2. 

For (ii), let 21 GGG 
be the join of the graphs 1G and .2G

Suppose 212 pp 
and 

.1)( 21 GGE
Then, we have two cases depending on the unique edge of 21 GG 

belonging to 1G
 or 

.2G
Hence the proof.  

One can observe from Fig 3, that G is strongly indexable in both the cases.  

 

 

 

 

 

 

  

 

 

 

 

 

Fig. 3: Two different cases of 21 GG 
 

 

Theorem 15. For any even
,1,4  nm

 integer the n-crown nm KCG 
is strongly k-indexable, where 

.
2

m
k 

 

Proof. Let nm KCG 
be the n-crown. Assume that 

.1,4)(  nevenm
Denote the vertex set of G as

}1,1:{}1:{)( , njmivmiuGV ji 
and the edge set of G as

  }{}11:{)( 11 mii uumiuuGE }.1,1:{ ,1 njmivu ji 
Note

)(GV )(GE

).1( nm
We proceed by the following eight cases. 

Case 1:m=4. 

Define the map  

}34,...,2,1,0{)(:  nGVf
such that 

2,1,1)( 12  iiuf i  

2,1,13)( 2  iiuf i  

2,1),1(2)( 1,12  iivf i  

2,1,411)( 1,2  iivf i  

.2,41,)1(4)( , njiijvf ji 
 

Then one can verify that f extends to a strongly k-indexable labeling of G for m=4. 

 

Case 2: m=6. 

Define the map 
}56,...,2,1,0{)(:  nGVf

such that 
,8)( 1 uf ,0)( 2 uf ,3)( 3 uf ,1)( 4 uf

 

 

p-1 

2 p-2 

0 

1 

1 3 

p-

1 

0 

p-

2 
p-3 2 
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,4)( 5 uf ,2)( 6 uf ,5)( 1,1 vf ,7)( 1,2 vf ,6)( 1,3 vf ,11)( 1,4 vf ,10)( 1,5 vf

,9)( 1,6 vf
 










.2,63,26

2,21,565
)( ,

njiji

njiji
vf ji  

Then one can verify that f extends to a strongly k-indexable labeling of G for m=6 

 

Case 3:m=8. 

Define the map 
}78,...,2,1,0{)(:  nGVf

such that 
,0)( 1 uf ,4)( 2 uf ,1)( 3 uf ,5)( 4 uf

,2)( 5 uf ,6)( 6 uf ,3)( 7 uf ,11)( 8 uf ,10)( 1,1 vf ,12)( 1,2 vf ,14)( 1,3 vf

,13)( 1,4 vf ,15)( 1,5 vf ,7)( 1,6 vf ,9)( 1,7 vf ,8)( 1,8 vf
 

.2,81,)1(8)( , njiijvf ji 
 

Then one can verify that f extends to a strongly k-indexable labeling of G for m=8. 

 

Case 4:m=8t+2,wheret is a positive integer. 

Define the map }1)1)(28(,...,2,1,0{)(:  ntGVf such that 

















141,2,1

142,12,14

1,212

)(

tiiwifi

tiiwifit

wift

uf w  









































28,216

11,544,2210

11,444,2214

11,344,1210

21,34,414

1,244,3214

22,2,112

2,112

221,12,8

)( 1,

twift

tiitwifit

tiitwifit

tiitwifit

iitwifit

tiitwifit

tiiwifit

wift

tiiwifit

vf w  

and for ,2 nj   we have  

 










1422,)14(2

121,1)14(2
)( ,12

titijt

tiijt
vf ji  










1422,2)12)(14(

22,1)12)(14(
)( ,2

titijt

tiijt
vf ji  

1)1)(14(2)( ,2  jtvf j  

.12)14(2)( ,24  tjtvf jt  

Then one can verify that f extends to a strongly k-indexable labeling of G for m=8t+2. 

 

Case 5:m=8t+4, where t is a positive integer. 

Define the map }1)1)(48(,...,2,1,0{)(:  ntGVf such that 
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















48,512

141,2,14

241,12,1

)(

twift

tiiwifit

tiiwifi

uf w  












































141,34,412

48,48

38616

34,716

244,38

1,14,6416

1,4,9416

1,14,8416

1,24,7416

1,412

)( 1,

tiitwifit

twift

twift

twift

itwift

tiiwifit

tiiwifit

tiiwifit

tiiwifit

wift

vf w


 

.2,481,)1)(12(4)( , njtiijtvf ji   

Then one can verify that f extends to a strongly k-indexable labeling of G for m=8t+4. 

 

Case 6:m=8t+6, where t is a positive integer. 

Define the map }1)1)(68(,...,2,1,0{)(:  ntGVf such that 

















341,2,1

342,12,14

1,812

)(

tiiwifi

tiiwifit

wift

uf w

 









































68,1016

11,744,7210

1,544,6210

1,444,8214

1,244,11214

21,134,13214

122,2,712

2,712

321,12,48

)( 1,

twift

tiitwifit

tiitwifit

tiitwifit

tiitwifit

iitwifit

tiiwifit

wift

tiiwifit

vf w

 










.2,341,2,1)12)(34(

2,341,12,1)34(2
)( ,

njtiiwifijt

njtiiwifijt
vf jw

 
Then one can verify that f extends to a strongly k-indexable labeling of G for m=8t+6. 

 

Case 7:m=16t,where t is a positive integer. 

Define the map  

}1)1(16,...,2,1,0{)(:  ntGVf

 
such that 
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















twift

tiiwifit

tiiwifi

uf w

16,124

181,2,18

81,12,1

)(

 

,224)( 1,1  tvf ,216)( 1,2  tvf ,232)( 1,3  tvf

 















































11,388,2824

11,188,2824

1,88,824

1,188,1824

1,288,1824

1,388,3824

1,488,5824

1,688,4824

21,128,2332

42,2,1232

43,12,232

)( 1,

tiitwifit

tiitwifit

tiitwifit

tiitwifit

tiitwifit

tiitwifit

tiitwifit

tiitwifit

iitwifit

tiiwifit

tiiwifit

vf w

 

.2,161,)1(16)( , njtiijtvf ji   

Then one can verify that f extends to a strongly k-indexable labeling of G for m=16t. 

 

Case 8: m=16t+8, where t is a positive integer. 

Define the map  

}1)1)(816(,...,2,1,0{)(:  ntGVf

such that 

















816,1124

381,2,38

481,12,1

)(

twift

tiiwifit

tiiwifi

uf w

 

,1024)( 1,1  tvf ,1016)( 1,2  tvf ,1432)( 1,3  tvf
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

















































11,988,10824

1,888,8824

1,788,9824

1,588,11824

1,488,13824

1,388,14824

1,288,12824

21,78,1024

11,288,15824

21,328,18332

242,2,17232

243,12,16232

)( 1,

tiitwifit

tiitwifit

tiitwifit

tiitwifit

tiitwifit

tiitwifit

tiitwifit

iitwifit

tiitwifit

iitwifit

tiiwifit

tiiwifit

vf w

 

.2,8161,)1)(816()( , njtiijtvf ji   

Then one can verify that f extends to a strongly k-indexable labeling of G for m=16t+8. Therefore G is strongly 

k- indexable for 
.

2

m
k 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4: Strongly 2-indexable labeling of .24 KC 
 

 

Theorem 16.For any odd integer ,1,3  nm the n-crown nm KCG 
is strongly k-indexable, where 

.
2

1


m
k

 

Proof.
Let nm KCG 

be the n-crown.
 Let m(odd) .1,3  nm Denote the vertex set of G as

}1,1:{}1:{)( , njmivmiuGV jii  and the edge set of G as

}.1,1:{}{}11:{)( ,11 njmivuuumiuuGE jiimii   Notethat )(GV )(GE

m(n+1). 

Define the map }1)1(,...,2,1,0{)(:  nmGVf such that 

 

0 
11 

4 

8 

5 

3 

9 
1 

6 

10 
7 

2 
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
















12,
2

1

1,,
2

1

)(

mievenifor
in

mioddifor
i

uf i

 

 



















njmievenifor
i

nj

njmioddifor
in

nj

vf ji

1,12,
2

1,21,,
2

)( ,  

.1,)( , njnjvf jn   

Then one can easily verify that the map f extends to a strongly k-indexable labeling of G, where .
2

1


m
k  

Conclusions 
In this paper we obtained some classes of graphs which admit weak and strong indexers. Also we could 

obtain necessary conditions on weakly k-indexable and strongly k-indexable graphs. 
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