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S € V(G) \ D is an inverse dominating set of G with respect to D. The set S is called a secure inverse dominating |
set of G if for every u € V(G) \ S, there exists v € S such that uv € E(G) and the set (S\ {v}) u{u} is a |

dominating set of G. The secure inverse domination number of G, denoted by yg_l)(G), is the minimum
cardinality of a secure inverse dominating set of G. A secure inverse dominating set of cardinalityyg_l)(G) is

called yg_l) — set. In this paper, the researchers initiate a study of the concept of secure inverse domination in

graphs and characterize the secure inverse dominating set in the join of two connected simple graphs.
Keywords: dominating sets, inverse dominating sets, join of two graphs, secure dominating sets, secure
inverse dominating sets

I. INTRODUCTION

In [1], Claude Berge and Oystein Ore introduced the domination in graphs. Through the work of
Cockayne and Hedetniemi in [2], domination in graphs became an area of study by many researchers [3, 4, 5, 6,
7, 8]. Secure domination in graphs was studied and introduced by E.J. Cockayne et.al [9, 10]. In [11] Enriquez
and Canoy, introduced a variant of domination in graphs, the concept of secure convex domination in graphs.
Some studies on secure domination in graphs were found in the papers [12, 13, 14, 15, 16, 17]. The inverse
domination in graph was first found in the paper of Kulli [18] and can be read in [19, 20, 21, 22, 23, 24, 25]. In
this paper, the researchers characterize the secure inverse dominating sets in the joinof two graphs and give
some important results. For the general concepts, the reader may refer to [26].

Let G = (V(G),E(G)) be a connected simple graph and v € V(G). The neighborhood of v is the set
N;(v) =NWw) ={u eV(G):uv € E(G)}. If S < V(G), then the open neighborhood of S is the set N;(S) =
N(S) = Uyes N;(v). The closed neighborhood of S is N;[S] = N[S] =S UN(S). A subset S of V(G) is a
dominatingset of G if for every v € (V(G)\S),there exists x € Ssuch that xv € E(G), i.e., N[S] = V(G). The
domination numbery (G)of Gis the smallest cardinality of a dominating set of G.

A dominating set S in G is called a secure dominating set in G if for every u € V(G)\S, there exists
v € SN N;(w) such that (S\{v}) U {u} is a dominating set. The minimum cardinality of secure dominating set
is called the secure domination number of G and is denoted by y,(G). A secure dominating set of
cardinalityy, (G)is called y, — set of G.

Let D be a minimum dominating set in G. The dominating set S € V(G)\D is called an inverse
dominating set with respect to D. The minimum cardinality of inverse dominating set is called an inverse
domination number of Gand is denoted by ¥ ~1(G). An inverse dominating set of cardinalityy ~!(G) is called
y~! — set of G. Motivated by the definition of secure and inverse domination in graphs, the researchers define a
new domination parameter.

Let G be a connected simple graph and let D be a minimum dominating set inG. Then a dominating set
S € V(G)\D is an inverse dominating set in G with respect to D. The set S is called a secure inverse dominating
set in G if for every u € V(G)\S, there exists v € S such that uv € E(G) and the set (S\{v}) U{u} is a
dominating set in G. The secure inverse domination number of G, denoted by y;'(G), is the minimum
cardinality of a secure inverse dominating set of G. A secure inverse dominating set of cardinalityy; 1 (G) is
called y; 1 — set. In this paper, the study of secure inverse domination in graphs is initiated and some important
results are given.

Il. RESULTS
Remark 2.1 Let D be a minimum dominating set of G. Then V(G) \ D is a secure dominating set of G, that is,
V(G) \ D is a secure inverse dominating set of G.
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In Remark 2.1, V(G) \ D can be an inverse secure dominating set of G if D is a secure dominating set of
G. Hence, every inverse secure dominating set is a secure inverse dominating set, however, the converse is not
always true. For example, in P = [x1,x;, ... ,xs5], theset D = {x;,x, } isa minimum dominating set of P; and
S=V(P;)\ D ={x,,x3,x5} is an inverse dominating set with respect to D. Since S is a secure dominating set,
it follows that S is a secure inverse dominating set of P5. However, it is not an inverse secure dominating set of
G because D is not a secure dominating set of G. The following definitions are needed for the subsequent
results.
Definition 2.2 A nonempty subset S of V(G), where G is any graph, is a clique in G if the graph (S) induced by
S is complete.
Definition 2.3 The join of two graphs G and H is the graph G + H with vertex-set V(G + H) = V(G)U V(H)
and edge-set E(G + H) = E(G)UE(H) U {uv:u e V(G),v € V(H)}.
Remark 2.4 If y(G) = 1 ory(H) = 1, theny(G + H) = 1, otherwise, y(G + H) = 2.
Lemma 2.5 Let G be connected non-complete graphs. If D is a minimum dominating set of G with |[D| < 2 and
S is an inverse dominating set of G with respect to D, then a subset S € V(G + H) \ D is a secure inverse
dominating set of G + H.
Proof: Suppose that D is a minimum dominating set of G with |[D| < 2 and S is an inverse dominating set of G
with respect to D. Then S € V(G + H) \ D is an inverse dominating set of G + Hwith respect to D. Clearly, if
S=V(G+H)\D, then S is a secure inverse dominating set of G + Hwith respect to D. Now, let S c
V(G + H) \ Dand consider the following cases.
Case 1. IfS=V(G)\ D, thenletu e V(G) \ S =D c V(G + H) \ S. There exists v € Ssuch that uv € E(G +
H)and (S \ {v}) U {u}.
Subcase 1. If D = {u}, then (S \ {v}) U {u} is a dominating set of G + H. Hence, S is a secure dominating set of
G+H.
Subcase 2. If D = {u’,u" }, then (S \ {v}) U {u} is a dominating set of G + Hfor all u € D. Hence, S is a secure
dominating set of G + H.

In either case, S is a secure dominating set of G + H. Accordingly, S is a secure inverse dominating set of
G+H.
Case 2. IfS#V(G)\ D, ScV(G)\ D. Note that S is an inverse dominating set of G + H. Thus, for all
u€eV(@G)\ScV(G+ H)\S, there exists v € Ssuch thatuv € E(G + H) and (S \ {v}) U {u}.
Subcase 1. If D = {u}, then (S \ {v}) U {u} is a dominating set of G + H. Hence, S is a secure dominating set of
G+H.
Subcase 2. If D = {u’,u" }, then (S \ {v}) U {u} is a dominating set of G + H for all u € D. Hence, S is a secure
dominating set of G + H.

In either case, S is a secure dominating set of G + H. Accordingly, S is a secure inverse dominating set of
G+H.O
Lemma 2.6 Let G and H be connected non-complete graphs. If D is a minimum dominating set of G with
[D| <2 and S =V(H) or S is a secure dominating set of H, then a subset S € V(G + H) \ D is a secure
inverse dominating set of G + H.
Proof: Suppose that D is a minimum dominating set of G with |[D| <2 and S=V(H) or S is a secure
dominating set of H.
Case 1. IfS = V(H), then S is an inverse dominating set of G + H with respect to a minimum dominating set D
of G and of G + H is clear. Since for every u € V(G + H) \ S = V(G), there exists v € Ssuch that uv € E(G +
H) and (S \ {v}) U {u} is a dominating set of G + H, S is a secure dominating set of G + H. Thus, S is a secure
inverse dominating set of G + H.
Case 2. If S is a secure dominating set of H, thenS c V(H). Further, S< V(G + H)\ D is an inverse
dominating set of G + H with respect to a minimum dominating set D of G and of G + H. Now, for every
UueV(G+H)\S=V(G)VUWVH)\S), thatis, u e V(G) U (V(H)\ S). If u € V(G), then there exists v €
Ssuch that uv € E(G + H) and (S \ {v}) U {u} is a dominatingset of G + H (since H is a connected non-
complete graph, |S| = 2). Hence, S is a secure dominating set of G + H, that is, S is a secure inverse dominating
set of G+ H. If ueV(H)\ S, then there exists v € S such that uv € E(H) c E(G + H) (since S is a
dominating set of H) and (S \ {v}) U {u} is a dominating set of H (since S is a secure dominating set of H) and
of G + H. Hence, S is a secure inverse dominating set of G + H. O
Lemma 2.7 Let G and H be connected non-complete graphs. If D (|D| < 2) is a minimum dominating set of H
and S is an inverse dominating set of H with respect to D, then a subset S € V(G + H) \ D, is a secure inverse
dominating set of G + H.
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Proof: Suppose that D is a minimum dominating set of G with |D| < 2 and S is an inverse dominating set of H
with respect to D. Then S € V(G + H) \ D is an inverse dominating set of G + H with respect to D. Clearly,
ifS=V(G+ H)\D, then S is a secure inverse dominating set of G + H with respect to D. Now, let S c
V(G + H) \ D and consider the following cases.
Case 1. If S=V(H)\ D, thenletu e V(H)\S =D c V(G + H) \ S. There exists v € Ssuch thatuv € E(G +
H) and (S \ {v}) U {u}.
Subcase 1. If D = {u}, then (S \ {v}) U {u} is a dominating set of G + H. Hence, S is a secure dominating set of
G+H.
Subcase 2. If D = {u',u" } then (S \ {v}) U {u} is a dominating set of G + H for all u € D. Hence, S is a secure
dominating set of G + H.

In either case, S is a secure dominating set of G + H. Accordingly, S is a secure inverse dominating set of
G+H.
Case 2. If S # V(H) \ D, thenS c V(H) \ D. Note that S is an inverse dominating set of G + H. Thus, for all
u€eVH)\ScV(G+H)\S,there exists v € S such that uv € E(G + H) and (S \ {v}) U {u}.
Subcase 1. If D = {u}, then(S \ {v}) U {u} is a dominating set of G + H. Hence, S is a secure dominating set of
G+ H.
Subcase 2. If D = {u’,u" }then (S \ {v}) U {u}is a dominating set of G + H for all u € D. Hence, S is a secure
dominating set of G + H.

In either case, S is a secure dominating set of G + H. Accordingly, S is a secure inverse dominating set of
G+ H.O
Lemma 2.8 Let G and H be connected non-complete graphs. If D (|D| < 2) is a minimum dominating set of H
and S =V(G) or Sis a secure dominating set of G, then a subset S € V(G + H) \ D is a secure inverse
dominating set of G + H.
Proof: Suppose that D is a minimum dominating set of G with |D| <2 and S =V(G)or S is a secure
dominating set of G. Then S € V(G).
Case 1. If S = V(G), then S is an inverse dominating set of G + H with respect to a minimum dominating set D
of H and of G + H. Since forevery u € V(G + H) \ S = V(H), there exists v € S such that uv € E(G + H) and
(S \ {v}) U {u} is a dominating set of G + H. Hence, S is a secure dominating set of G + H, that is, S is a secure
inverse dominating set of G + H.
Case 2. If S #V(G), then S c V(G). Further, S is an inverse dominating set of G + H with respect to a
minimum dominating set D of H and of G + H. Now, for every u € V(G +H)\S =V(H) U (V(G)\S),
u€eVH)UW(G)\S). If u e V(H), then there exists v € S such thatuv € E(G + H) and (S \ {v}) U{u}isa
dominating set of G + H (since Gis a connected non-complete graph, |S| = 2). Hence, S is a secure dominating
set of G + H, that is, S is a secure inverse dominating set of G + H. If u € V(G) \ S, then there exists v € S
such that uv € E(G) < E(G + H) (since S is a dominating set of G) and (S \ {v}) U {u} is a dominating set of
G (since S is a secure dominating set of G) and ofG + H. Hence, S is a secure inverse dominating set of G + H.O
Lemma 2.9 Let Gand H be connected non-complete graphs. If D = D; U Dy where D; = {v} c V(G),Dy =
wycVvH),y(G) #1,y(H)#1,and S=V(G)\ D; or S =V(H) \ Dy, thenasubset S < V(G + H)\ D, is
a secure inverse dominating set of G + H.
Proof: Suppose that D = D; U DywhereD; = {v} c V(G),Dy = {w} c V(H),y(G) # 1, and y(H) # 1. Then
D = {v,w} is a minimum dominating set of G + H and S € V(G + H) \ D is an inverse dominating set of
G + H with respect to D.
Case 1. If S =V(G) \ Dg, then S is clearly a secure dominating set of G. Now, V(G + H)\S# 0, let u €
V(G+H)\S. IfueV(G)\S, then there existsx € S such that ux € E(G) c E(G + H)and (S \ {x}) U {u} is
a dominating set of G (since S is a secure dominating set of G) and of G + H. Hence, S is a secure dominating
set of G + H, that is,S is a secure inverse dominating set of G + H. If u € V(H), then there exists x € S c V(G)
such that xu € E(G + H) and (S \ {x}) U {u}is a dominating set ofG + H. Hence, S is a secure dominating set
of G + H, that is,S is a secure inverse dominating set of G + H.
Case 2. IfS = V(H) \ Dy, then S is clearly a secure dominating set of H and an inverse dominating set of G + H
with respect to D. Now, V(G + H)\S# 0, let u e V(G+ H)\S. If u e V(H) \ S, then there exists x € S
such that ux € E(H) c E(G + H)and (S \ {x}) U {u} is a dominating set of H (since S is a secure dominating
set of H) and of G + H. Hence, S is a secure dominating set of G + H, that is,S is a secure inverse dominating
set of G + H. If u € V(G), then there exists x € S ¢ V(H) such that xu € E(G + H) and (S \ {x}) U {u}is a
dominating set of G + H. Hence, S is a secure dominating set of G + H, that is,S is a secure inverse dominating
setof G + H.O
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Lemma 2.10 Let G and H be connected non-complete graphs. If D = D; U Dy where D; = {v} c V(G),Dy =
w}cV(H),y(G) #1,y(H) #1,and S c V(G) \ D is a secure dominating set of G or S c V(H) \ Dy is a
secure dominating set of H, then a subset S € V(G + H) \ D, is a secure inverse dominating set of G + H.
Proof: Suppose that D = D; U DywhereD,; = {v} c V(G),Dy = {w} c V(H),y(G) # 1,and y(H) # 1. Then
D = {v,w} is a minimum dominating set of G + H and S € V(G + H) \ D is an inverse dominating set of
G + H with respect to D.
Case 1. IfS c V(G) \ Dgis a secure dominating set of G, then for every u € (V(G) \ D;) \ S, there exists x € S
such thatux € E(G) and (S \ {x}) U {u} is a dominating set of G and of G + H. Thus, S is a secure inverse
dominating set of G + H.
Case 2. If S c V(H) \ Dyis a secure dominating set of H, then for every u € (V(H) \ Dy) \ S, there exists
x € § such that ux € E(H) and (S \ {x}) U {u} is a dominating set of H and of G + H. Thus, S is a secure
inverse dominating set of G + H.O
Lemma 2.11 Let Gand H be connected non-complete graphs. If D = D; U Dywhere D; = {v} c V(G),Dy =
{w} c V(H) and either D; or Dy is a dominating set, and S = S; U Sy where S; c V(G) and S, < V(H)and
S; = {z}is a dominating set of Gand Sy = {x}is a dominating set of H, then a subset S € V(G + H)\ D is a
secure inverse dominating set of G + H.
Proof: Suppose that D = D; U Dy where D; = {v} c V(G) or Dy = {w} c V(H) is a dominating set of G or H.
Then D is a minimum dominating set of G + H. If S = S; U Sy, where S; = {z} c V(G) and Sy = {x} c
V (H)are dominating sets in G and H respectively, then S = {z,x} c V(G + H) \ D is an inverse dominating set
of G + H with respect to a minimum dominating set D. Let u € V(G + H) \ S. If u € V(G) \ S;, then uz €
E(G) c E(G+ H) and (S \ {z}) U {u} = {x,u} is a dominating set of G + H. Hence, S is a secure dominating
setof G+ H. If ue V(H) \ Sy, thenux € E(H) c E(G + H) and (S \ {x}) U {u} = {z,u} is a dominating set
of G + H. Hence, S is a secure dominating set of G + H.O
Lemma 2.12 Let Gand H be connected non-complete graphs. If D = D; U Dywhere D; = {v} c V(G),Dy =
w}cV(H), S=S;USy where S; € V(G)\ DgandSy € V(H)\ Dy, y(G) # 1,y(H) #1, S; = {z}and
((V(H) \ Ny[SyD) is a clique in H, where |Sy| > 2, then a subsetS € V(G + H) \ D is a secure inverse
dominating set of G + H.
Proof: Suppose thatD = D; U Dywhere D; = {v} c V(G), Dy = {w} c V(H). If y(G) # landy(H) # 1, then
D = {v,w} is a minimum dominating set ofG + H. SinceS = S; U Sy where S; € V(G) \ DgandSy € V(H) \
Dy, it follows that S € V(G + H) \ D is an inverse dominating set of G + H with respect to D. Letu €
V(G +H)\S.

If u e V(G)\ S; and u € N;[S;] = Ng[{z}], thenuz € E(G) c E(G+ H) and (S\ {z}) u{u} =Sy U
{u} is a dominating set of G + H, that is, S is a secure dominating set of G + H.

If ueV(G)\ Sgand u & N;[{z}], then there exists y € Sysuch that uy € E(G+ H) and (S\{y}H U
{fu} = ({z} U Sy \ {¥y}) U {u} is a dominating set of G + H(since |Sy| = 2), that is, S is a secure dominating set
of G +H.

If wueV(H)\ Syand u € Ny[Sy], then there exists y € Sysuch that uy € E(H) c E(G + H) and
S\ Hufu} = (S; Sy \ {yP) U {u} is a dominating set of G + H, that is, S is a secure dominating set of
G+H.

Ifu e V(H) \ Syand u & Ny[Sy], thenu € V(H) \ Ny[Sy]. Further, zu € E(G +H) and (S\{z}h U
{fu} = Sy U {u}. Sinceu € V(H) \ Ny[Sy] and (V(H) \ Ny[Sy]) is a clique in H, it follows that S, U {u} is a
dominating set of H and G + H, that is, S is a secure dominating set of G + H.

Accordingly, S is a secure inverse dominating set of G + H.O
Lemma 2.13 Let Gand H be connected non-complete graphs. If D = D; U Dywhere D; = {v} c V(G),Dy =
(WycV(H), S=5;USy; where S; cV(G)\DgandSy c V(H)\ Dy, v(G)# Ly(H) =1, ((V(G)\
NGSEG)is a clique in &, where S¢>2 and SA=x, then a subset SCV&+/\ D, is a secure inverse dominating set
of G+ H.
Proof: Suppose that D = D; U Dy where D; = {v} c V(G), Dy = {w} c V(H), y(G) # 1, and y(H) # 1,.
Then D = {v,w}is a minimum dominating set of G + H. Since S = S; USy, where S; € V(G) \ D; and
Sy S V(H) \ Dy, it follows thatS € V(G + H) \ Dis an inverse dominating set of G + H with respect to D. Let
ueVG+H)\S.

IfueV(H)\ Syand u € Ny[Sy] = Ny[{x}],thenux € E(H) c E(G+ H)and (S\ {x}) c {u} =S, U
{u} is a dominating set of G + H, that is, S is a secure dominating set of G + H.

If ueV(H) \ Syand u & Ny[{x}],then there exists y € S; such that uy € E(G + H) and (S\ {y}H U
{ul = ((SG \{yhHu {x}) U {u} is a dominating set of G + H (since |S;| = 2), that is, S is a secure dominating
setof G + H.
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If u € V(G) and u € N;[S;], then there exists y € S; such that uy € E(G) € (G + H) and (S\ {y}H U
{ul = ((SG \{yHu {x}) U {u} is a dominating set of G + H, that is, S is a secure dominating set of G + H.
If uev(G)\S; and u & N;[S;], thenu € V(G) \ N;[S;]. Further, ux € E(G+ H) and (S\{x}) U
{u} = S; U {u}. Since u € V(G) \ N;[S;] and (V(G) \ N;[S;]) is a clique in G, it follows that S; U {u} is a
dominating set of G and G + H, that is, S is a secure dominating set of G + H.
Accordingly, S is a secure inverse dominating set of ¢ + H.O
Lemma 2.14 Let Gand H be connected non-complete graphs. If D = D; U Dy where D; = {v} c V(G),
Dy ={w}cV(H),y(G) =1, y(H) #1, S; ={z} and ((V(G) \ N;[S;])}is a clique in G, andSy = {x} and
((V(H) \ Ny[SyD) is a clique in H, then a subset S € V(G + H) \ D, is a secure inverse dominating set of
G+H.
Proof: Suppose that D = D; U Dy where D; = {v} c V(G), Dy = {w} c V(H), y(G) # 1, and y(H) # 1.
Then D = {v,w} is a minimum dominating set of G + H. If S; = {z} and ((V(G) \ N;[S;])) is a clique in G,
Sy ={x} and ((V(H) \ Ny[SyD)) is a clique in H, then S ={z,x} c V(G + H) \ D is a dominating set of
G + H, thatis,S c V(G + H) \ D is an inverse dominating set of G + H with respectto D. Letu € V(G + H) \
S.
Case L. Ifu e V(G) \ S;, thenux € E(G + H). If u € V(G) \ N;[S¢], then S\ {x}) u{u} ={z,u} c V(G) is
a dominating set of G since (V(G) \ N;[S;]) is a clique in G, that is, udominates (V(G) \ N;[S;]) and z
dominates Ng;[S;]. Thus,(S \ {x}) U {u} = {z,u} is a dominating set of G + H. If u & V(G)\N;[S;], then
u € N;[S;], that is, (S\ {z}) u{u} ={x,u} is a dominating set of G and of G + H. Thus, S is a secure
dominating set of G + H, that is, S is a secure inverse dominating set of G + H.
Case 2. If ue V(H)\ Sy, then uz € E(G+ H). If ue V(H)\ Ny[Syl, then (S\ {z}) U{u} ={x,u} is a
dominating set of H since (V(H) \ Ny[Sy]) and x dominates Ny[Sy]. Thus (S\{z}) U{u}={x,u} is a
dominating set of G+ H. If u & V(H)\ Ny[Sy], then u € Ny[Sy], that is, (S\{x}) U{u}={zu} is a
dominating set of H and of G + H. Thus, S is a secure dominating set of G + H, that is, S is a secure inverse
dominating setof G + H. O
Lemma 2.15 Let Gand H be connected non-complete graphs. If D = D; U Dywhere D; = {v} c V(G),Dy =
{w}ycV(H), S=S;USy where S; € V(G)\ DgandSy € V(H)\ Dy, y(G) # 1,y(H) # 1, |S;| = 2, and
[Sy| = 2, then asubset S € V(G + H) \ D is a secure inverse dominating set of G + H.
Proof: Suppose that D = D; U Dy where D; = {v} c V(G), Dy = {w} c V(H), y(G) # 1, andy(H) # 1.
Then D = {v,w} is a minimum dominating set ofG + H. If § = S; U Sywhere S; € V(G) \ DgandSy € V(H) \
Dy, |S¢| = 2, and|Sy| = 2, then S is an inverse dominating set of G + H with respect to a minimum dominating
setDof G+ H.Letu e V(G + H)\S. Ifu € V(G)\S;, then there exists x € Sy < S such that ux € E(G + H)
and (S \ {x}) U {u} is a dominating set of G + H(since |Sy| = 2). Similarly, if u € V(H) \ Sy, then there exists
X € S; c Ssuchthat ux € E(G + H) and (S \ {x}) U {u} is a dominating set of G + H(since |S;| = 2). Thus, S
is a secure dominating set of G + H, that is, S is a secure inverse dominating set of G + H. O
The following result is the characterization of the secure inverse dominating set in the join of two graphs.
Theorem 2.16 Let G and H be connected non-complete graphs. Then a subsetS € V(G + H) \ D, is a secure
inverse dominating set of G + H if and only if one of the following statements holds.
0] D is a minimum dominating set of G with |D| < 2 and
a) Sisan inverse dominating set of G with respect to D, or
b) S =V (H)or S is asecure dominating set of H.
@inD (|D] < 2) is a minimum dominating set of H and
a) Sisan inverse dominating set of H with respect to D, or
b) S =V(G)orS isasecure dominating set of G.
(iiiy D = D; U Dywhere D; = {v} c V(G), Dy = {w} c V(H),y(G) # 1,y(H) # 1, and
a) S=V(G)\D;orS=V(H)\Dy,or
b) S cV(G)\ Dg; is a secure dominating set ofG or S < V(H) \ Dyis a secure dominating set of
H.
(iv) D = D; U Dywhere D; ={v} c V(G), Dy ={w} c V(H), either D;or Dyis a dominating set,
S = S; U SywhereS; c V(G) and Sy c V(H), and S; = {z} is a dominating set of G and Sy = {x}is a
dominating set of H.
(V) D = D; U Dywhere D; = {v} c V(G) and Dy = {w} c V(H), and S = S; USy where S; c V(G)
andSy c V(H),y(G) # 1,y(H) # 1, and
a) S; ={z}and ((V(H) \ Ny[Sy]))isacliquein H, or
b) ((V(G) \ N;[S;]))isacliquein G, Sy = {x}, or
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c) S; ={z}and ((V(G) \ N;[S;])) is a clique in G, Sy = {x}and {((V(H) \ Ny[Sy])) is a clique
inH, or
d) |Sg]l=2and|S;| = 2.
Proof: Suppose that S is a secure inverse dominating set of G + H. Consider the following cases.
Case 1. Suppose that D NV (H) = @. Then D € V(G). If D =V (G), then |D| = 3 since G is a non-complete
graph. This will contradict with the definition of D as a minimum dominating set of G + H(see Remark 2.4).
Thus, D must be a minimum dominating set of G with |D| < 2. Since G is connected non-complete graph,
V(G)\D # @. Let S V(G) \ D, that is, S is an inverse dominating set of G with respect to D. This shows
statement (i)a). If S € V(H), then S = V(H)or S c V(H). Since S is a secure inverse dominating set of G + H,
it follows that S is a secure dominating set of H. This shows statement (i)b).
Case 2. Suppose that D N V(G) = @. Then D € V(H). If D = V(H), then |D| = 3 since H is a non-complete
graph. This will contradict with the definition of D as minimum dominating set of G + H (see Remark 2.4).
Thus, Dmust be a minimum dominating set of Hwith |D| < 2. Since H is connected non-complete graph,
V(H)\D =@.I1f S c V(H), then S = V(H) \ D, that is, S is an inverse dominating set of Hwith respect to D.
This shows statement (ii)a). If S € V(G), then S = V(G) or S c V(G). Since, S is a secure inverse dominating
set of G + H, it follows that S is a secure dominating set of G. This shows statement (ii)b).
Case 3. Suppose that D N V(G) = @and D N V(H) # @.Let D, = D nV(G) and Dy = D NV (H). Then
D;UDy =(DnV(G)uU(DNV(H))

=Dn(V(G)VV(H))

=DnV(G+H)

=D.
By Remark 2.4, the minimum dominating set of G + H is either 1 or 2. Let D; = {v} and Dy = {w}.
Subcase 1. If SNV(H) =@, then S S V(G) \ D;. If S =V(G) \ Dg, then this satisfies statement (iii)a). If
S c V(G) \ D¢, then statement (iii)b) is satisfied since S is a dominating set of G + H, that is, S is a dominating
set of G.
Subcase 2. If SNV(G) = @, then SS V(H) \ Dy. If S =V(H) \ Dy, then this satisfies statement (iii)a). If
S c V(H) \ Dy, then statement (iii)b) is satisfied since S is a dominating set of G + H, or S is a dominating set
of H.
Subcase 3. If SNV(G) = @ andS N V(H) # @, thenlet S; =S NV (G) and Sy =S NV (H), thatis, S; < V(G)
and Sy € V(H). Now,

ScUSy=(SnV(G)UESnWH))
=Sn(V(G) uV(H))
=SnV(G+H)
=S.
Thus, S = S; U Sy where S; € V(G) and Sy < V(H).
If S; = {z} is a dominating set of G and Sy = {x} is a dominating set of H, then the proofof statement
(iv) is done.

If S; = {z} and Sy is not a dominating set of H with |[V(H)| = 2. Then there exists u € V(H) \ Sy
such that, xu & E(H) for all x € Sy. Since S = S; U Syis a secure dominating set of G + H, for all u €
V(G + H) \ S, there exists v € Ssuch that uv € E(G + H) and (V(G + H) \ {v}) U {u} is a dominating set of
G + H. This is clearly true if v = z, or v € Sy and u € Ny[v]. However, since Sy is not a dominating set of H,
if v e Sy andu & Ny[v], then {u} € V(H) \ Ny[v] must be a dominating set of (V(H) \ Ny[v]) for all u €
V(H) \ Ny[v]. This implies that the induced subgraph (V(H) \ Ny[v]) of V(H) \ Ny[v] is a clique in H. This
satisfies(v)a).

If Sy = {x} and S; is not a dominating set of G with |V (H)| = 2. Then there exists u € V(G) \ S; such
that zu ¢ E(H) forall z € S;. Since S = S; U Syis a secure dominating set of G + H, forallu e V(G + H) \ S,
there exists v € Ssuch that uv € E(G + H) and (V(G + H) \ {v}) U {u} is a dominating set of G + H. This is
clearly true if v=x, or v €S; and u € N;[v]. However, since S; is not a dominating set of G, if v € S;
andu & N [v], then {u} € V(G) \ Ng[v] must be a dominating set of (V(G) \ Ng[v]) forall u € V(G) \ N;[v].
This implies that the induced subgraph (V(G) \ N;[v]) of V(G) \ N¢[v] is a clique in G. This satisfies (v)b).

If S; = {z} and Sy = {x}, then S; and Sy are not dominating sets of G and Hrespectively (since y(G) #
1 and y(H) # 1). Thus, there exists u € V(G) \ S; such that zu ¢ E(G) for all z € S;and there exists u €
V(H) \ Sy such that xu ¢ E(H) for all x € Sy. Since S = S; U Sy is a secure dominating set ofG + H, for all
u €V(G+ H)\ S, there exists v € Ssuch that uv € E(G + H) and (V(G + H) \ {v}) U {u} is a dominating set
of G + H. Since S;is not a dominating set of G, if v = z and u & N;[v], then {u} € V(G) \ N;[v] must be a

www.ijlera.com 2024 IJLERA — All Right Reserved 110 | Page



International Journal of Latest Engineering Research and Applications (IJLERA) ISSN: 2455-7137

Volume — 09, Issue — 01, January 2024, PP — 105-112

dominating set of (V(G) \ N;[v]) for all u € V(G) \ Ng[v]. This implies that the induced subgraph (V(G) \
Ng[v])of V(G) \ Ng[v] is a clique in G. Further, since Syis not a dominating set of H, if v = x and u & Ny[v],
then {u} € V(H) \ Ny[v] must be a dominating set of (V(H) \ Ny[v]) for allu € V(H) \ Ny[v]. This implies
that the induced subgraph (V(H) \ Ny[v]) of V(H) \ Ny[v] is a clique in H. This satisfies (v)c).

Finally, if {z} c S; and{x} c Sy, then |S;| = 2and |Sy| = 2. This satisfies (v)d).

For the converse, suppose that statement (i)a) is satisfied. Then by Lemma 2.5, S is a secure inverse
dominating set of G + H.

Suppose that statement (i)b) is satisfied. Then by Lemma 2.6, S is a secure inverse dominating set of
G+H.

Suppose that statement (ii)a) is satisfied. Then by Lemma 2.7, S is a secure inverse dominating set of
G+H.

Suppose that statement (ii)b) is satisfied. Then by Lemma 2.8, S is a secure inverse dominating set of
G+H.

Suppose that statement (iii)a) is satisfied. Then by Lemma 2.9, S is a secure inverse dominating set
ofG + H.

Suppose that statement (iii)b) is satisfied. Then by Lemma 2.10, S is a secure inverse dominating set of
G+H.

Suppose that statement (iv) is satisfied. Then by Lemma 2.11, S is a secure inverse dominating set of
G+H.

Suppose that statement (v)a) is satisfied. Then by Lemma 2.12, S is a secure inverse dominating set of
G+H.

Suppose that statement (v)b) is satisfied. Then by Lemma 2.13, S is a secure inverse dominating set of
G+H.

Suppose that statement (v)c) is satisfied. Then by Lemma 2.14, S is a secure inverse dominating set of
G+H.

Suppose that statement (v)d) is satisfied. Then by Lemma 2.15, S is a secure inverse dominating set of
G + H. This completes the proofs.oo
The following result is a quick consequence of Theorem 2.16.
Corollary 2.17Let G and H be connected non-complete graphs.

DG+ 1) = {2, if y(G) = Land y,(H) = 2
Vs 3, if IS¢l =2and (V(G) \ Sg) \ N;(S¢)) is a clique inG.

Proof: Suppose that y(G) = 1 and y,(H) = 2. Let D be a minimum dominating set of G with |D| = 1land S is a
secure dominating set of H. Then by Theorem 2.16(i)b, S is a secure inverse dominating set of G + H. Thus,

ys(_l)(G + H) < |S|. Given that y,(H) = 2, let S be a minimum secure dominating set of H. Then
IS] =2 =y, (H) < %, (G + H) <y (G +H) < IS].
This implies that ¥ (G + H) = 2.
Suppose that |S;| = 2 and ((V(G) \ S;) \ N;(S¢)) isaclique in G. Let Sy = {x}. By Theorem 2.16(v)b,
S is a secure inverse dominating set of G + H. Thus, ys(_l)(G + H) <|S|. Let S; = {v,z}. Then S = {v, z, x},
that is, ys(_l)(G + H) < |S| = 3. Since, y(G) # 1 and y(H) # 1 by Theorem 2.16(Vv)b, it follows that y(G +
H) = 2 by Remark 2.4. Suppose that S = {v, x} is a secure dominating set of G + H. Since Sy = {x} is not a
dominating set of H, there exists w € V(H) \ Sy such that wx ¢ E(H) and (S \ {v}) U {w} = {x,w} is not a
dominating set of H and of G + H. Thus, y,(G + H) # 2, thatis, y,(G + H) = 3. By computation,
3<y,(G+H) <y V@G +H) <3.
Hence, ¥, 1(G + H) = 3.0

I11. CONCLUSION

In this paper, a new parameter of domination in graphs was introduced - the secure inverse domination in
graphs. The secure inverse domination in the join of two graphs were characterized. Moreover, the exact secure
inverse domination number resulting from the join of two graphs were computed. This study will pave a way to
new researches such as bounds and other binary operations of two connected graphs. Identifying the
characterization of secure inverse domination in graphs of the corona, Cartesian product, and lexicographic
product are promising extensions of this study. Finally, other parameters involving secure inverse domination in
graphsmay also be explored.
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