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Abstract: Let G bea connected simple graph. A dominating set S € V(G) is called a perfect dominating set of
G if every u € V(G)\Sis dominated by exactly one element of S. Let D be a minimum perfect dominating set of
G. A perfect dominating set S ¢ (V(G)\D) is called an inverse perfect dominating set of G with respect to D. A |
disjoint perfect dominating set of G is the set C = D U S € V(G). Furthermore, the disjoint perfect domination |
number, denoted by, Voo (G), is the minimum cardinality of a disjoint perfect dominating set of G. A disjoint ‘

perfect dominating set of cardinality, VY (G), is called ypyp—set. In this paper, we give the characterization of
the disjoint perfect dominating sets of the join and corona of two graphs. We also determine the disjoint perfect
domination number of the join and corona of two graphs and give some important results.

Keywords: dominating set, perfect dominating set, inverse perfect dominating set, disjoint perfect dominating
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I. INTRODUCTION

Domination in graphs was introduced by Claude Berge in 1958 and Oystein Ore in 1962 [1] and studied
in the papers [2, 3, 4]. One type of domination in graphs is the perfect domination in graphs. This was
introduced by Cockayne et.al [5] in the paper, perfect domination in graphs and studied further in [6, 7, 8, 9].
The inverse domination in a graph was found in [10, 11, 12, 13, 14, 15, 16]. Further, the papers on disjoint
domination in graphs can be read in [17, 18, 19, 20]. For the general concepts, readers may refer to [22].

A graphG is a pair (V(G), E(G))Where V(G)is a finite nonempty set called the vertex-set of G and E(G)
is a set of unordered pairs u, v (or simply uv) of distinct elements from V(G) called the edge-set of G. The
elements of V(G) are called vertices and the cardinality [V (G)| of V(G) is the order of G. The elements of E(G)
are called edges and the cardinality |E(G)| of E(G) is the size of G. If |[V(G)| = 1, then G is called a trivial
graph. If E(G) = @, then G is called an empty graph. The open neighborhood of a vertex v € V(G) is the set
N;(v) = {u € V(G): uv € E(G)}. The elements of N;(v) are called neighbors of v. The closed neighborhood
of v € V(G) is the set, N;[v] = N;(v) U {v}. If X € V(G), the open neighborhood of X in G is the setN; (X) =
Uyex Ng(v). The closed neighborhood of X in G is the set N;[X] = Uyex Ng[v] = N;(X) U X. When no
confusion arises, N [x][resp.Ng;(x)] will be denoted by N[x] [resp.N (x)].

Let G be a simple connected graph. A subset S of a vertex set V(G) is a dominating set of G if for every
vertex v € V(G)\S, there exists a vertex x € S such that xv is an edge of G. The domination numbery(G) of G
is the smallest cardinality of a dominating set S of G.

A dominating set S € V(&) is called a perfect dominating set of G if each u € V(G)\S is dominated by
exactly one element of S. The perfect domination number of G, denoted by y, (¢) is the minimum cardinality of
a perfect dominating set of G. Let D be a minimum dominating set in G. The dominating set S < V(G)\D is
called an inverse dominating set with respect to D. The minimum cardinality of inverse dominating set is called
an inverse domination number of G and is denoted by, y 1 (G). An inverse dominating set of cardinality y ~(G)
is called y ~*-set of G.

Salve and Enriquez [23] define the inverse perfect domination in graphs. Let D be a minimum perfect
dominating set of G. A perfect dominating set S € V(G)\D is called an inverse perfect dominating setofG with
respect to D. The inverse perfect domination number of G denoted by y51(G) is the minimum cardinality of an
inverse perfect dominating set of G. An inverse perfect dominating set of cardinality y, 1 (G) is called y; -set.

In this paper, the researchers extend the concept of inverse perfect domination in graphs by introducing
the disjoint perfect domination in graphs. Let D be a minimum perfect dominating set of G and S < (V(G)\D)
is an inverse perfect dominating set of G with respect to D. A disjoint perfect dominating set of G is the set C =
D uUS < V(G). Furthermore, the disjoint perfect domination number, denoted by y,y, (G), is the minimum
cardinality of a disjoint perfect dominating set of G. A disjoint perfect dominating set of cardinality y,y, (G) is

called y,y, (G) — set. The researchers give the characterization of the disjoint perfect domination in the join and
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corona two graphs and give some important results. Unless otherwise stated, all subsets of the vertex sets in this
paper are assumed to be nonempty.

Il. RESULTS

Since the y;1(G) does not always exist in a connected nontrivial graph G by Salve etal. [23], the
researchers introduce DP(G) as a family of all graphs with inverse perfect dominating set and disjoint perfect
dominating set. Thus, for the purpose of this study, it is assumed that all connected nontrivial graphs considered
belong to the familyDP (G).

We need the following remarks for the characterizations of disjoint perfect domination in the join and
corona of graphs.
Remark 2.1Let G be a connected nontrivial graph. Then y(G) = y»(G) = y51(G) = 1.
Theorem 2.2 [23] Let G be a connected graph of order n = 2. Then, yp‘l(G) =1 ifandonlyif G =K, + H
where y(H) = 1.
Definition 2.3The join of two graphs G and H is the graph G + H with vertex-set V(G + H) = V(G) UV (H)
and edge-set

E(G+H)=EG)UEMH) U{uv: ueV(G), veVH)}.
Remark 2.4Let G and H be any graphs. Then, y,,,, (G + H) # 1.
Lemma 2.5Let G and H be nontrivial graphs, D c V(G + H)and Sc V(G + H)\D. If D ={x} and S =
{y} are dominating sets of G, then a nonempty setC = D U S is a disjoint perfect dominating set of G + H.
Proof: Suppose that D = {x} and S = {y} are dominating sets of G and hence of G + H, then D and S are perfect
dominating sets of G + H. Now, S c V(G + H)\D implies that S is an inverse perfect dominating set of G +
H with respect to D. Thus, a nonempty set C = D U S is a disjoint perfect dominating setof G + H. m
Lemma 2.6Let G and H be nontrivial graphs, D c V(G + H)and SS V(G + H)\D. If D ={x} and S =
{y} are dominating sets of H, then a nonempty set € = D U S is a disjoint perfect dominating set of G + H.
Proof : Suppose that D = {x} and S = {y} are dominating sets of H and hence of G + H, then D and S are
perfect dominating sets of G + H. Now, S c V(G + H)\D implies that S is an inverse perfect dominating set of
G + H with respect to D. Thus, a nonempty set C = D U S is a disjoint perfect dominating setof G + H. m
Lemma 2.7Let G and H be nontrivial graphs, D c V(G + H)and S V(G+ H)\D. If D ={x} and S =
{y} are dominating sets of G and H respectively, then a nonempty set C = D U S is a disjoint perfect dominating
setof G + H.
Proof: Suppose that D = {x} and S = {y} are dominating sets of G and H respectively and hence of G + H, it
follows that D and S are perfect dominating sets of G + H. Now, S € V(G + H)\D implies that S is an inverse
perfect dominating set of G + H with respect to D. Thus, a nonempty set € = D U Sis a disjoint perfect
dominatingsetof G + H. m
Lemma 2.8Let G and H be nontrivial graphs, D c V(G + H)and SSV(G+ H)\D. If D ={x} and S =
{y} are dominating sets of H and G respectively, then a nonempty set C = D U S is a disjoint perfect dominating
set of G + H.
Proof: Suppose that D = {x} and S = {y} are dominating sets of H and G respectively and hence of G + H, it
follows that D and S are perfect dominating sets of G + H. Now, S € V(G + H)\D implies that S is an inverse
perfect dominating set of G + H with respect to D. Thus, a nonempty set € = D U Sis a disjoint perfect
dominatingsetof G + H. m
Lemma 2.9Let G and H be nontrivial graphs, D c V(G + H)and S c V(G + H)\D. If D ={x,v}and
S = {y,u}, where x and y are distinct isolated vertices of G, v and u are distinct isolated vertices of H, then a
nonempty set C = D U S is a disjoint perfect dominating set of G + H.
Proof: Suppose that D = {x,v}and S = {y,u}, where x and y are distinct isolated vertices of G, v and u are
distinct isolated vertices of H. Clearly D = {x, v} is a dominating set of G + H. Since x € D is an isolated vertex
in G, xw € E(G + H) for all w e V(H). Since v € D is an isolated vertex in H, vz € E(G + H) for all z €
V(G). Thus, each vertex in V(G + H)\D is dominated by exactly one element in D. Hence, D is a perfect
dominating set of G + H. Similarly, S = {y,u} is a perfect dominating set of G + H. Now, S € V(G + H)\D
implies that S is an inverse perfect dominating set of G + H with respect to D. Thus, a nonempty set C =D U S
is a disjoint perfect dominating setof G + H. m
The next result presents a characterization of disjoint perfect dominating sets in the join of two

connected graphs and gives the corresponding disjoint perfect domination number.
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Theorem 2.10Let G and H be nontrivial graphs, D c V(G + H) and S € V(G + H)\D.Then, a nonempty set
C = D U Sis adisjoint perfect dominating set ofG + H if and only one of the following is satisfied.
(i) D ={x}andS = {y} are dominating sets of G, or
D = {x}andS = {y}are dominating sets of H.

(ii) D ={x}and S = {y} are dominating sets of G and H respectively, or
D = {x}andS = {y} are dominating sets of H and G respectively.

(iii) D = {x,v}and S = {y,u}, where x and y are distinct isolated vertices ofG, v and u are distinct
isolated vertices of H.

Proof: Suppose that a nonempty set € = D U Sis a disjoint perfect dominating set of G + H whereD c
V(G + H)and S € V(G + H)\D. Then D is a minimum perfect dominating set of G + H and S is an inverse
perfect dominating set with respect to D. Consider the following cases.
Casel. Suppose that D N V(H) = @andS NV (H) = @. Then, D,S c V(G), that is, D and S are dominating sets
of G and perfect dominating sets of G + H. If [D| # 1, then |[D| > 2, that is, for every u € V(H), uv € E(G +
H) for all v € S. This contradicts the definition of a perfect dominating set. Hence, |[D| =1 and let D =
{x}. Similarly, if|S| # 1, then S is not a perfect dominating set of G + H. Hence, |S| =1 and let D =
{x}. Therefore, D = {x} and S = {y} and are dominating sets of G, showing statement (i).
Case2. Suppose that D NV (G) = @and SNV (G) = @. Then, D,S c V(H), that is, D and S are dominating sets
of H and perfect dominating sets of G + H. If |D| # 1,then |D| = 2, that is, for every u € V(G), uv € E(G +
H) for all v € S. This contradicts the definition of a perfect dominating set. Hence, |D] = 1 and let D = {x}.
Similarly, if |S| # 1, then S is not a perfect dominating set of G + H. Hence, |S| = 1 and let D = {x}. Therefore,
D = {x} and S = {y} are dominating sets of H, showing statement (i).
Case3. Suppose that D NV(H) =@and SNV(G) =@. Then D c V(G) and S c V(H), that is, D and S are
dominating sets of G and Hrespectively. Similarly, if |D| # 1land |S| # 1, then D and S are not perfect
dominating sets, contrary to the assumption. Thus, |D| = 1and |S| = 1. Let D = {x} and S = {y}. Then D = {x}
and S = {y} are dominating sets of G and H respectively, showing statement (ii).
Case4. Suppose that DNV (G) =@and SNV(H) =@. Then D c V(H) and S c V(G), that is, D and S are
dominating sets of H and G respectively. Similarly, if |[D| # 1and |S| # 1, then D and S are not perfect
dominating sets, contrary to the assumption. Thus, |D| = 1and |S| = 1. Let D = {x} and S = {y}. Then D = {x}
and S = {y} are dominating sets of H and Grespectively, showing statement (ii).
Caseb. Supposethat D NV(G) #@and DNV(H) #@and SNV(G) # @and SNV (H) + @. Let
D; =DnV(G)andDy =D NV(H)and S; =S NV(G) and Sy = S NV (H). This implies that

D;UuDy =(DnV(G))U(DNV(H))

=D n (V(G) VUV(H))
=DnV(G+H)
= D’
and

SeUSy=(SnV(@)u(SnV(H)
=SnV(G)UV(H)
=SnV(G+H)
=S.

Thus D =D, UDy and S =S; U Sy.SinceD;, Dy, S;, and Sy are nonempty sets, it follows that

D] =2 and |S| = 2. Since D and S are perfect dominating sets, |D| < 2 and |S| < 2 by Remark 2.4. Thus,
2<|D|<2and 2<|S| <2, thatis, |D| =2and|S|=2. Let D ={x,v}andS = {y,u}, where x and y are
distinct vertices of G, v and u are distinct vertices of H. If x is not an isolated vertex of G, then there exists
y € V(G) such that xy,vy € E(G + H). Since D = {x, v}, it follows that y is dominated by two elements of D
contrary to our assumption that D is a perfect dominating set of G + H. Thus, x must be an isolated vertex of G.
Similarly, v is an isolated vertex of H. Further, since S = {y,u} is a perfect dominating set of G + H, y and
umust be isolated vertices of G and H respectively. Therefore,D = {x,v}and S = {y,u}, where x and y are
distinct isolated vertices of G, v and u are distinct isolated vertices of H. This shows statement (iii).
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For the converse, suppose that statement (i) is satisfied, that is, D = {x} and S = {y} are dominating sets of
G. Then by Lemma 2.5, a nonempty set C = D U Sis a disjoint perfect dominating set of G + H.
Suppose that statement (i) is satisfied, that is, D = {x} and S = {y}are dominating sets of G. Then by
Lemma 2.6, a nonempty set C = D U S is a disjoint perfect dominating set ofG + H.
Suppose that statement (ii) is satisfied, that is, D = {x} and S = {y}are dominating sets of G and H
respectively. Then by Lemma 2.7, a nonempty set € = D U Sis a disjoint perfect dominating set of G + H.
Suppose that statement (ii) is satisfied, that is, D = {x} and S = {y}are dominating sets of H and G
respectively. Then by Lemma 2.8, a nonempty set C = D U Sis a disjoint perfect dominating set of G + H.
Suppose that statement (iii) is satisfied. Then by Lemma 2.9, a nonempty set C = D U Sis a disjoint perfect
dominating setof G + H. m
Corollary 2.11Let G and H be nontrivial graphs.
2, ify(G)=1landy(H)=1orG+H=K,+H
veyp(G+H) = {4, if each G and H has at least two isolated vertices.
Proof: Suppose that y(G) = landy(H) = 1. Let D ={x}and S = {y} be dominating sets of G and H,
respectively. Then by Theorem 2.10, € = D U S is a disjoint perfect dominating set of G + H. Thus, ypyp(G +
H<C=2. Since, yPyP(G+H)#1, by Remark 2.4, it follows that Py PG+4=2. Thus,
2<y,Y(G+H) <|C|=2
implies thaty,y, (G + H) = 2.

Suppose that G + H = K, + H. Let V(G) = V(K;) = {x,y} where D = {x} and S = {y}. Then D and
S are dominating sets of G. By Theorem 2.10, C = D U S'is a disjoint perfect dominating set of G + H. Thus,
ypYp(G + H) < |C| = 2. Similarly, by Remark 2.4, it follows that y,y, (G + H) = 2.

Suppose that each G and Hhas at least two isolated vertices. Let x and y be distinct isolated vertices of
G, v and u be distinct isolated vertices of H. Let D = {x, v} and S = {y,u}. Then by Theorem 2.10,C =D U S
is a disjoint perfect dominating set of G + H. Thus, ypyp(G + H) < |C| = 4.

Now, D = {x, v} is a minimum dominating set of G + H because D\{x} or D\{v} is not a dominating
setof G + H.

Similarly, S = {y,u}is a minimum dominating set of G + Hand S c V(G + H)\D is a minimum
inverse dominating set of G + H. Thus, C =D U S = {x,v,y,u} is a minimum disjoint dominating set of G +
H, thatis, yy(G + H) = 4. This implies that

4=yy(G+H) <y,7,(G+H) <4
Accordingly, ¥,¥%,(G + H) = 4. m
The following result is a direct consequence of Corollary 2.11.
Corollary 2.12If G and H are complete graphs, then y,, (¢ + H) = 2.
Definition 2.13 Let G and H be graphs of order m and n, respectively. The corona of two graphs G and H is the
graph G o H obtained by taking one copy of G and m copies of H, and then joining the i-th vertex of G to every
vertex of the i-th copy of H. The join of vertex v of G and a copy H"of H in the corona of G and H is denoted by
v+ HY.

Let G be a connected graph and x € V(G). Since, V(G)\{x} is not a dominating set of G o H for any
simple graph H, it follows that V(&) is a minimum dominating set of G o H. Thus, the following remark holds.
Remark 2.14Let G be a connected graph and H be any graph. Then V(G) is a minimum dominating set of
GoH.

The next result presents a characterization of disjoint perfect dominating sets in the corona of two
connected graphs and gives the corresponding disjoint perfect domination number.

Theorem 2.15 Let G and H be connected graphs. A subset C = D U Sof V(G o H) is a disjoint perfect
dominating set of G o H with respect to D if and only if one of the following statements is satisfied.

i) D=V(G)andS = U,epS, where S, = {x} is a dominating set of H” for eachv € D.

(i) S=V(G)andD = U,es D, where D, = {x} is a dominating set of H” for eachv € S.
(iii) D = Uyey)Dy, whereD, ={x} is a dominating set of H" foreachv €V(G)andS =

Uver) Sy where S, = {y} is a dominating set of H” for eachv € V(G) with x # y.

Proof: Suppose that a proper subset C = D U S is a disjoint perfect dominating set of G o H with respect to D.
Then D is a minimum perfect dominating set of G o H. By the definition of corona, each u € V(G o H)\V(G) is
dominated by exactly one element of V(G) implies that V(G) is a perfect dominating set of G o H. Since V(G)
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is a minimum dominating set of G o H, by Remark 2.14, it follows that V (G) is the minimum perfect dominating
setof G o H.

Casel. If D =V(G), then S<CV(GoH)\D = U,ep V(H"). Let
S =UyepS, whereS, S V(H") foreachv € D. Since S is a dominating set of GoH, S, must be a
dominating set of H” for each v € D. Suppose that |S,| = 2 foreachv € D. Let x,y € S foreachv € D.

Then, vx,vy € E(v+ H") implies that S, is not a perfect dominating set of H” for each v € D. Thus, S =
Uyep S, is not a perfect dominating set of G o H contrary to our assumption. This implies thatS, &
2 and hence [S,| = 1. Let S, = {x} foreachv € D. Thus, D =V (G) and S = U,¢p S, where S, = {x} is a
dominating set of HY for eachv € D. This shows statement (i).
Case2. If D # V(G), thenS =V(G)and D € V(G o H)\S = U,es V(H"). Let D = U,es D, Where D, is a
dominating set of H” for each v € S. Since D is a minimum perfect dominating set of G o H, it follows that
V(&) = ID| < |IS| = [V(G)I,
that is, |D| =|S|. Thus, |D| = |UyesDy| = Xves|Dy| =1S|-|D,| =|S| implies that |D,| =1. Let D, =
{x} foreachv € V(G). Thus, S =V (G) and D = U,¢s D, where D, = {x}is a dominating set of H" for each
v € S. This shows statement (ii).
Case3. Suppose that D #V(G)andS #V(G). Then, D S Uyey)V(H") and S S Uyepe) V(HY). Let
D = Uyes D, where D, is a dominating set of HYforeachveSand let S=U,epS, whereS, ©
VHuvfor each v€/. By using similar proofs in (i) and (ii), if follows that 2=vel(()Dvwhere Dr=xis a
dominating set of H” for each v € V(G) and S = U,ey () S, Where S, = {y} is a dominating set of H"” for each
v € V(G) with x # y. This shows statement (iii).

For the converse, suppose that statement (i) is satisfied. Then D =V(G) and S = U,¢p S, Where
S, = {x} is a dominating set of H” for each v € D. Since D = V(G) is a minimum dominating set of G o H, by
Remark 2.14, it follows that S € V(G o H)\D = U,ep S,, is an inverse dominating set of G o Hwith respect to
D. Now, for each u € V(G o H)\D, there exists exactly one v € D such that uv € E(G o H), that is D is a
minimum perfect dominating set of G o H. Further, S, = {x}is a dominating set of H” implies that S, is a
perfect dominating set of H” for each v € D. Thus, S = U,ep S, is a perfect dominating set of G o H. This
implies that S € V(G o H)\D is an inverse perfect dominating set of G o« H with respect to D, thatis, C =D US
is a disjoint perfect dominating set of G o H.

Suppose that statement (ii) is satisfied. Then S =V(G) and D = U,es D, where D, = {x} is a
dominating set of HY for each v € S. Since S = V(G) is a minimimum dominating set of G o H, by Remark
2.14, it follows that,

D1 =1{ Dol = Y 10ul = 181+ 1D, ] = IS1- 63 = 181 - 1 = IS,
VES VES

D is also a minimum dominating set of G o H. Thus, S € V(G o« H)\D = U,ep S, is an inverse dominating set
of G o H with respect to D. Now, D,, = {x} is a dominating set of H” implies that D,, is a perfect dominating set
of HY for each v € S. Thus, D = U,es D, is a perfect dominating set of G o H. Since S =V (G) is a perfect
dominating set of G o H, it follows that S € V(G o H)\D is an inverse perfect dominating set of G o H with
respect to D, that is, C = D U S is a disjoint perfect dominating set of G o H.

Now, suppose that statement (iii) holds. Then D, = {x} is a dominating set of H" implies that D, is a
perfect dominating set of H" for each v € V(G). Thus, D = Uy,ey() D, is a perfect dominating set of G o H.
Similarly, S, = {x} is a perfect dominating set of H" for each v € V(G) implies that S = U,ey () S, Is a perfect
dominating set of G o H. Clearly, |D| = |V(G)| and hence D is a minimum perfect dominating set of G o H.
Sincex #y,D NS =@. Thus, S € V(G o H)\D is an inverse perfect dominating set of G o H with respect to D,
that is, C = D U S is a disjoint perfect dominating setof Go H. m
Corollary 2.16 Let G and H be connected graphs. Then

Yp¥p(G o H) = 2-yp(G o H)ifand only if y(H) = 1.

Proof: Suppose that the y,,, (G o H) = 2 |V(G)|. LetC = D U S be ay,y, — set in G o H. In view of Theorem
2.15(i), D = V(G) and S = U,ep S, Where S, = {x} is a dominating set of H" for each v € D. Clearly, y(H) =
|S,| = 1for each v € D.

For the converse, suppose that y (H) = 1. Note that, y,, (G » H) = |V (G)]. Consider the following cases.
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Casel. Suppose that D = V(G). Then, D is a minimum perfect dominating set ofG o H. Let S c V(G o H)\D =
Uyep V(HY) and suppose that S = U,ep S, Where S, € V(H") for each v € D. Since y(H) =, let S, = {x} be
a dominating set of H” for each v € D. Then S is an inverse perfect dominating set of G o H by Theorem 2.15(i)
with respect to D. Thus,

7' G o) < IS = ) IS,1 = IDIIS,| = D] = [V(@)] = 3,G = H).

veD

Since,y, (G e H) <y, (G © H), it follows that y, (G o H) =y, (G  H). Thus,
Yp¥p(GoH) =y,(GoH)+y, (GoH) =2"y,(GoH).

Case2. Suppose that S =V (G). Let D = U,es D, where D, € V(H") for each v € V(G).Since y(H) =1, let
D, = {y} be a dominating set of H" for each v € §. Then S is an inverse perfect dominating set of G « H by
Theorem 2.15(ii) with respect to D. Thus, y, (G e H) < |S| = |[V(G)| = y,(G o H), that is, y, (G o H) =
¥p (G o H). Similarly, y,y,(G e H) = 2 y,(G o H).

Case3. Suppose that D # V(G) and S # V(G). Let D = Uyey(g) D, Where D, is a dominating set of H” for each
v €V(G) and S = Uyey(g)S, Where S, is a dominating set of H” for each v € V(G) with x # y. Since
y(H) =1, let S, = {x} for each v € V(G) and let D, = {y} set of H” for each v € S where x # y. Then S is an
inverse perfect dominating set of G o H by Theorem 2.15(iii). Thus, yp‘l(GoH) < IS =Yvevie)ISv | =
[V(DIIS,| = V(G)| = v,(G ° H). Therefore, yp‘l(G oH) =v,(G o H),thatis, y,7,(GoH) =2-y,(G°oH).m

11l. CONCLUSION

This paper introduces a new parameter of domination in graphs called disjoint perfect domination using
three different parameters of domination namely, perfect domination, inverse perfect domination, and disjoint
domination in graphs. In this work, the results of disjoint perfect domination of the join and corona of two
graphs were characterized by identifying the perfect dominating sets and inverse perfect dominating sets that
can be found in the join and corona of two graphs. The exact disjoint perfect domination number of the join and
corona of two graphs were computed and determined. Also, this study will result to new research studies such as
characterizing disjoint perfect dominating sets and determining disjoint perfect domination number on graphs
under binary operations like Cartesian product and lexicographic product of two graphs. This study will also
prompt future exploration involving the use of disjoint perfect domination to other parameters of domination
and its possible applications in the real world.
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