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Abstract: A hypergraph H  is said to be r -partite r -uniform if its vertex set V  can be partitioned into non-

empty sets rVVV ,,, 21   so that every edge in the edge set )(HE , consists of precisely one vertex from each 

set iV , ri ,1,2,=  . It is denoted as ),,,( 21 r

r VVVH   or 
1 2

( , , , )
r

r

n n nH  if ii nV |=|  for ri ,1,2,=  . In 

this paper, we prove a necessary condition for the existence of r -partite self-complementary r -uniform 

hypergraph. Further, we prove that there does not exist a regular r -partite almost self-complementary r -

uniform hypergraph. 
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1 Introduction 

Let V  be a finite set with n  vertices. By 
V

k

 
 
 

we denote the set of all k -subsets of .V   A k -uniform 

hypergraph is a pair );(= EVH , where 
V

E
k

 
  
 

. V  is called a vertex set, and E  an edge set of H . Two 

k -uniform hypergraphs );(= EVH  and );(= EVH   are isomorphic if there is a bijection VV →:  

such that   induces a bijection of E  onto E . If );(= EVH  is isomorphic to = ;
V

H V E
k

  
 −  

  

, then 

H  is called a self-complementary k -uniform hypergraph. Every permutation VV →:  which induces a 

bijection :
V

E E
k


 

 → − 
 

 is called a self-complementing permutation. 

 A. Syma n ski, A. P. Wojda ([11],[12],[13]) and S. Gosselin [3], independently characterized n  and k  

for which there exist k -uniform self-complementary hypergraphs of order n .  

P. Poto c


nik and M. S


ajana [10] proved the existence of regular self-complementary 3 -uniform 

hypergraphs. S. Gosselin [4] has characterized all n  and k  for which there exists a regular k -uniform self-

complementary hypergraph of order n .  

In [5], the existence of an almost self-complementary 3 -uniform hypergraphs is proved and in [14], 

Wojda generalized these results for k -uniform hypergraphs.  

T. Gangopadhyay and S. P. Rao Hebbare [2] studied bipartite self-complementary graphs. In [6], a 

bipartite self-complementary 3 -uniform hypergraph H  with partition ),( 21 VV  of a vertex set V  such that 

mV |=| 1  and nV |=| 2  is studied. In [7], Kamble L. N. and et al. found the conditions on m  and n  for a 

bipartite self-complementary 3 -uniform hypergraph ),( 21

3 VVH  to be regular and quasi-regular. In [9], 

bipartite almost self-complementary 3 -uniform hypergraphs are studied. In [8], r -partite self-complementary 

and almost self-complementary r -uniform hypergraphs are studied. 

In this paper, we prove a necessary condition for the existence of regular r -partite self-complementary 

r -uniform hypergraph. We prove there does not exist a regular r -partite almost self-complementary r -

uniform hypergraph. We further prove that there does not exist a quasi-regular r -partite self-complementary 

r -uniform hypergraph. 
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2 Preliminary definitions and results 

Definition 2.1  ( r -partite r -uniform Hypergraph)[1] A hypergraph H  is said to be r -partite r -

uniform if its vertex set V  can be partitioned into non-empty sets rVVV ,,, 21   so that every edge in the edge 

set )(HE , consists of precisely one vertex from each set iV , ri ,1,2,=  .  

An r -partite r -uniform hypergraph is denoted as ),,,( 21 r

r VVVH   or 
1 2( , , , )

r

r

n n nH  if ii nV |=|  for 

ri ,1,2,=  . A 2 -partite 2 -uniform hypergraph is nothing but a bipartite graph.  

Definition 2.2 (Complete r -partite r -uniform hypergraph)[1]  An r -partite r -uniform hypergraph 

H  with the vertex set 

1

= , = ,  
r

i i j

i

V V V V i j
=

    and the edge set reVeeE |=|,:{=   and 

, iVe  for },1,2,= ri   is called  a complete r -partite r -uniform hypergraph.  

A complete r -partite r -uniform hypergraph is denoted as ),,,( 21 r

r VVVK   or 
1 2

( , , , )
r

r

n n nK  if 

ii nV |=|  for ri ,1,2,=  . We observe that, the total number of edges in 
1 2

( , , , )
r

r

n n nK  is 

1

r

i

i

n
=

 .  

Given an r -partite r -uniform hypergraph ,,,(= 21 VVHH r
 )rV , its  r -partite complement is 

the r -partite r -uniform hypergraph ),,,(= 21 r

r VVVHH   where )(=)( HVHV  and 

)()),,,((=)( 21 HEVVVKEHE r

r − . 

H  is said to the complement of H  with respect to ),,,( 21 r

r VVVK  . An r -partite r -uniform 

hypergraph )(=),,,(= 21 VHVVVHH r

r

r   is said to be  self-complementary if it is isomorphic to its r -

partite complement )(=),,,(= 21 VHVVVHH r

r

r  , that is there exists a bijection VV →:  such that 

e  is an edge in H  if and only if )(e  is an edge in H . 

We use the shortform “ r -psc" for r -partite self-complementary r -uniform hypergraph. 

 

Following result gives a necessary and sufficient condition for the existence of r -partite self-

complementary r -uniform hypergraph.  

Result 2.3 [8] There exists an r -psc ),,,( 21 r

r VVVH   where ii nV |=|  for ri ,1,2,=   if and only 

if at least one of rnnn ,,, 21   is even.  

 

It is clear that the partitioning of the edge set of ),,,( 21 r

r VVVK   into two isomorphic factors is not 

possible when ),,,( 21 r

r VVVK   has an odd number of edges. However, after deleting some odd number of 

edges from ),,,( 21 r

r VVVK   the remaining r -uniform hypergraph may be partitioned into two isomorphic 

factors. By deleting one edge from ),,,( 21 r

r VVVK   an almost complete r -partite r -uniform hypergraph is 

defined in [8] as follows.  

 

Definition 2.4 (Almost complete r -partite r -uniform hypergraph)[8] The hypergraph 

1 2 1 2
( , , , ) ( , , , )=

r r

r r

n n n n n nK K e−  is called an almost complete r -partite r -uniform hypergraph where e  is an 

edge in 
1 2

( , , , )
r

r

n n nK  called the deleted edge. Vertices of e  will be called the special vertices.  

Definition 2.5 ( r -partite almost self-complementary r -uniform hypergraph)[8] An r -partite r -

uniform hypergraph ),,,( 21 rVVVH   such that ii nV |=|  for ri ,1,2,=   is almost self-complementary if 

it is isomorphic with its complement ),,,( 21 rVVVH   with respect to 
1 2

( , , , )
r

r

n n nK .  
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We use the shortform “ r -pasc" for r -partite almost self-complementary r -uniform hypergraph. 

 

Following result gives a necessary and sufficient condition for the existence of r -pasc. 

Result 2.6 [8]  There exists an r -pasc ),,,( 21 r

r VVVH   where ii nV |=|  for ri ,1,2,=   if and 

only if rnnn ,,, 21   are odd.  

Definition 2.7  (Degree of a vertex) The degree of a vertex v  in a hypergraph H  is the number of 

edges containing the vertex v  and is denoted as )(vdH .  

Definition 2.8  (Regular hypergraph) A hypergraph H  is said to be regular if all vertices have the 

same degree.  

Definition 2.9  (Quasi-regular hypergraph) A hypergraph H  is said to be quasi-regular if the degree 

of each vertex is either r  or 1−r  for some positive integer r .  

 

3 Necessary condition for the existence of a regular r -partite self-complementary r -uniform 

hypergraphs 

It is known that [10], a regular self-complementary 3 -uniform hypergraph on n  vertices exists if and 

only if n  is congruent to 1 or 2 modulo 4. In [7], it is proved that there exists a regular bipartite self-

complementary 3 -uniform hypergraph ),( 21 VVH  with 3>,|=|,|=| 21 nmnVmV +  if and only if nm =  

and n  is congruent to 0  or 1  modulo 4 .  

We know that every edge of 
1 2

1 2 ( , , , )( , , , ) =
r

r r

r n n nK V V v K  contains exactly one vertex from each 

set riVi ,1,2,=,  . And for any riVu ii ,1,2,=,   in 
1 2

1 2 ( , , , )( , , , ) =
r

r r

r n n nK V V V K , the degree of 

iu  is 
1

r

j
j

j i

n
=



 . 

 

In the following theorem, we prove a necessary condition for the existence of a regular r -partite self-

complementary r -uniform hypergraph. 

 

Theorem 3.1 If there exists a regular r -psc ),,,( 21 r

r VVVH   where ii nV |=|  for ri ,1,2,=  , 

then all rnnn ,,, 21   are equal and even.  

Proof. Suppose there exists a regular r -psc ),,,( 21 r

r VVVH   where ii nV |=|  for ri ,1,2,=   

with complementing permutation  . Let r  be its regular degree.  

For any vertex riVu ii ,1,2,=,  , we have  

 
1 2

( , , , )( ) ( ( )) = Degree of  i  .
r

r

H i H i i n n nd u d u u n K+  

That is  

 
1

( ) ( ( )) = .
r

H i H i k
k

k i

d u d u n
=



+   

That is  

 
1

= .
r

k
k

k i

r r n
=



+   

 

That is  
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1

2 = .
r

k
k

k i

r n
=



  (1) 

 

Similarly, for any ijrjVu jj  ,,1,2,=,  ,  

 
1 2

( , , , )( ) ( ( )) = Degree of  i  .
r

r

H j H j j n n nd u d u u n K+  

 

 
1

( ) ( ( )) = .
r

H j H j k
k

k j

d u d u n
=



+   

That is  

 
1

= .
r

k
k

k j

r r n
=



+   

That is  

 
1

2 = .
r

k
k

k j

r n
=



  (2) 

 

From equations (1) and (2) we get that  

 
1 1

2 = = .
r r

k k
k k

k i k j

r n n
= =

 

   (3) 

Solving above equation we get that rjinn ji ,1,2,=,   ,=  . Since ji,  are arbitrary we get that 

rnnn === 21   and all are even. 

 

In the next theorem, we prove that there does not exist a quasi-regular r -psc. 

 

Theorem 3.2 There does not exist a quasi-regular r -psc.  

Proof. Suppose there exists a quasi-regular r -psc ),,,( 21 r

r VVVH   where ii nV |=|  for 

ri ,1,2,=   with complementing permutation  . Since ),,,( 21 r

r VVVH   is quasi-regular there exist 

ii Vu  , such that ))(()( iHiH udud   for some rii ,1,2,=,  . Suppose rud iH =)(  and 

1=))(( −rud iH  . 

We have  
1 2

( , , , )( ) ( ( )) = Degree of  i  .
r

r

H i H i i n n nd u d u u n K+  

That is 
1

1 =
r

k
k

k i

r r n
=



+ −  , which is even, a contradiction.  

Theorem 3.3 There does not exist a regular r -pasc.  

Proof. Suppose there exists a regular r -partite almost self-complementary r -uniform hypergraph 

),,,( 21 r

r VVVH   where ii nV |=|  for ri ,1,2,=   with complementing permutation  . From theorem 

2.6, it is obvious that rnnn ,,, 21   are all odd.  
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Let ii Vu   for any rii ,1,2,=,  . We have  

 
1 2( ) ( ( )) = the degree of  in ( , , , )r

H i H i i rd u d u u K V V V+ . (4) 

If iu  is not a special vertex then equation (4) becomes  
1

= .
r

k
k

k i

r r n
=



+   

That is  

 
1

2 = .
r

k
k

k i

r n
=



  (5) 

And if iu  is a special vertex then equation (4) becomes 
1

= 1
r

k
k

k i

r r n
=



+ − . 

That is  

 
1

2 = 1.
r

k
k

k i

r n
=



−  (6) 

From equations (5) and (6), we get a contradiction. 
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